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History

1931 Konig proved 1n a bipartite graph:
Min vertex cover = Max matching.

%1931 Egervary proved for the weighted
version

%1955 Kuhn developed it to be the first primal
dual algorithm : Hungarian method.

What are the graphs satisfying: min vertex
cover = max matching ?
» Semi bipartite graphs,
» Graphs with Konig property,
» Konig-Egervary Graphs (KEGs) .
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“*Min vertex cover 1s at least max matching

“*In a KEG, min vertex cover covers matching edges
exactly once.

“*Works if we replace every edge by an odd length path.



Main theorem

“* Theorem: Given a graph and a maximum
matching, it 1s KEG 1ff doesn't contain one

of the following subgraphs.

“*Each edge is a path

Triangular

“*v 1s not covered by blossom pair

matching edges.

Triangular

1 1 1 1
2 2 2 2
2k 2k'
2k+1 2k+1"
Odd prism Even Mobius prism

v

Triangular flower
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Why subgraph characterization?

“*The traditional example 1s the case of
planar graphs

“*Hopcroft algorithm
*Kuratowski theorem: K5, K3,3
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Known results, our result of
KEGs:

1977 Sterboul, Deming : algorithm
%1983 Lovasz : a subgraph characterization

“*less general
“*based on matching covered graphs theory
*Our result:

“* A stronger characterization
“*A more general model (red/blue split graphs)
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Red blue split graphs and KEGs

¢ Theorem: Given a graph with a perfect
matching. Color the edges blue, and the
perfect matching red. This graph 1s a KEG
1ff the colored one 1s RB split.

*Only works for graph with perfect matching !!!

*(General case later.
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To recognize red blue split graphs
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To recognize red blue split graphs

Forbidden walk

‘/\\\N‘/\p.
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To recognize red blue split graphs

Forbidden walk

Not a subgraph!!!

10



Subgraph characterization of
red blue split graphs

‘*Theorem: A graph is RB split iff it doesn’t
contain the following “bad” subgraphs.
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RB split

matching

KEGs subgraph with perfect

|

“general setting

KEGs subgraph in

Lovasz’ theorem

Schrijver’s theorem /

Foldes Hammer’s theorem /
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Forbidden cycles

«(0dd cut.

“*Forbidden cycle = a
cycle with an odd cut.

v'Theorem: RB split iff NO
forbidden cycles.

*Even cut —

“*Parallel cuts, crossing cuts
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Subgraph characterization of
red blue split graphs

“* Goal: to turn a forbidden cycle into one of
the forbidden subgraphs!
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“* Need to prove NO even cuts:

v" If only even cuts cross v-v

? If bot and
odd SS V-V

vV 6
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proof (cont.)

% Take the minimum length forbidden cycle!
v Odd, even cuts cannot be parallel.
v No nodes appear more than twice.

v No even cuts.
*Consider two parallel odd cuts

“*Replace P1 by P2 or vice versa
“*Assume they are identical.
*P1=P2, simple and disjoint from
the rest of the cycle.

“*Hence the odd cuts are partitioned
into blocks

P1

20
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Subgraph characterization of
red blue split graphs

v/ A graph is RB split iff it doesn’t
contain the following “bad” subgraphs.
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Subgraph characterization of KEGs
with perfect matching

3¢ Given a graph with perfect matching, it is KEG iff
does not contain:

| QCRTRTRa— 1
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Subgraph characterization of KEGs
with perfect matching

“* We showed 1n a blue graph, if the perfect matching
1s red, then KEG=RB split.
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o ; ; 1 1
% 2 2 2 2
i 2k 2k’
3 2k+1 k41"

Odd prism Even Mobius prism

25



KEGs in general setting

“*Given a graph and a maximum matching,
1t 1s KEG 1ff doesn’t contain:

26



KEGs in general setting

“*Given a graph and a maximum matching,
1t 1s KEG 1ff doesn’t contain:

1 1 1 1
2 2 2 2
Triangular 2k 2k’
blossom pair
2k+1 2k+1'
Odd prism Even Mobius prism

26



KEGs in general setting

“*Given a graph and a maximum matching,
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1 1 1 1
2 2 2 2
........................ v

Triangular ok 2K /
blossom pair
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o Triangular Triangular flower
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proof

“* Construct a new graph, with a perfect
matching.

“*The new graph 1s KEG iff the
original 1s also.
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¢ If there are no “new” red edges on a
forbidden cycle.

“*We have the previous case!!!
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¢ If there are no ed edges on a
forbidden cycle

“*We have the prévaguaf€ase!!!
7
**If there are two “new” red edges on a

forbidden cycleg

“*then there is
uncovered nod
because the ma

iting path connecting two
4 original graph. (impossible
Ag was maximum ).

¢ There 1s one “new” red edge on a
forbidden cycle.
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Triangular

Triangular flower
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KEGs in general setting

v Given a graph and a maximum matching, 1t 1s
KEG iff doesn’t contain:

1 1 1 1
2 2 2 2
........................ v

Triangular ok 2K /
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o Triangular Triangular flower
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Conclusion

“*We showed a subgraph characterization for
a general model.

“*It can be generalized to a weighted version.

“* Another application in routing of ring
networks.

Thank you!!!
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