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Abstract–We consider a simple mechanism for allocation of resources to users that allows for discrimination
of users by a revenue-maximizing provider. The mechanism isa natural extension of the well known proportional
allocation by allocating proportional to weighted bids. The mechanism can be applied by providers whose resource
constraints are described by general polyhedrons, which allows for complex resources such as, for example, networks
of processors or links, data centers, and sponsored search.

We study a competitive system where users strategically choose their individual bids trying to maximize their
payoffs and the provider aims at maximizing the revenue. We consider the revenue earned by the provider and the
social welfare. Specifically, we find that the revenue under price anticipating users is lower bounded byk/(k+ 1)
times the revenue under standard third-degree price discrimination with a set ofk users excluded. Under price
anticipating users with linear utility functions, we find that the social welfare is at least 1/(1+ 2/

√
3) ·100≈ 46%

of the maximum social welfare, and this bound is tight. We extend this result to a broad class of utility functions,
which accomodates many utility functions found in literature, and to an oligopoly of multiple competing providers.

Our results indicate that the weighted proportional allocation simultaneously achieves competitive revenue and
social welfare, under selfish users and selfish providers.

1 Introduction

Proportional allocation has been considered widely as a mechanism for allocation of resources; for example, for
allocation of computer processors under Generalized Processor Sharing (Parekh and Gallager [28, 29]) or allocation
of network links (Kelly [14]). The mechanism is typically applied for sharing of an infinitely divisible resource of
a finite capacity by a set of users. Specifically, for an infinitely divisible resource of a positive capacityC, and a set
of n users, each associated with a positive weightwi, the allocationxi to useri is setproportional the weightwi as
follows

xi =
wi

∑ j w j
C.

The mechanism is extended to systems of multiple individualresources by applying the proportional allocation
mechanism per each individual resource.

The resource allocation under the proportional allocationmechanism can be interpreted as an auction where
w1, . . . ,wn are bids of individual users. A large body of literature focused on thesocial welfareof the proportional
allocation under strategic user bidding, and to this end considered (worst-case)efficiency, defined as ratio of the
social welfare at an equilibrium allocation and the maximumsocial welfare over the set of feasible allocations.
Kelly [14] showed that for price taking users (i.e. users whosubmit their bids to maximize their individual payoffs
assuming the price per unit resource is fixed), the system is fully efficient. In turn, Johari and Tsitsiklis [10] showed
that efficiency is at least 3/4 under price anticipating users, who select their bids to maximize their payoffs by
accounting more fully for how the allocation depends on the submitted bids.

Proportional allocation mechanism is simple – bids are one-dimensional; the mechanism is amenable to a decen-
tralized implementation through setting of the prices to marginal costs at individual resources and communicating
to users the total price over their individually consumed resources; the mechanism is easy to understand by users.

We are interested in a mechanism that maximizes the revenue earned by the provider, equal to the sum of the
submitted bids. The revenue maximization is an alternativeobjective to social welfare, well aligned with interests of
a selfish provider. Ideally, one would hope for an allocationmechanism that simultaneously guarantees both large
revenue and large social welfare. We would like that the mechanism equally applies to simple resources such as
single processors or single network links as well as to more complex systems such as networks of processors or
networks of communication links.

The Mechanism. We consider the following mechanism – we call weighted proportional allocation. For a
resource with constraints specified by a polyhedronP in IRn

+ (IR+ := [0,∞)), the allocation to useri is given by

xi =
wi

∑ j w j
Ci
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where~w= (w1, . . . ,wn) and~C= (C1, . . . ,Cn) are user’s bids and discrimination weights such that~x= (x1, . . . ,xn)∈P .
The payment by a useri is the bidwi . Notice that the allocationxi to useri is proportional to the product of the
discrimination weightCi and the bidwi, and is in this sense a weighted proportional allocation.

The weighted proportional allocation mechanism allows forgeneral resource constraints specified by polyhe-
drons. In particular, this accommodates infinitely divisible resources of finite capacities byP = {~x∈ IRn

+ : ∑i xi ≤C},
for C > 0; in this case, assuming full utilitization, we havexi = wiCi

∑ j wjCj
C. The proportional allocation is a special

case with the discrimination weights set to a common value.
Furthermore, note that the weighted proportional allocation mechanism allows for price discrimination. Indeed,

for a useri, the price per unit resource ispi = (∑ j w j)/Ci which may differ from one user to another due to the
discrimination weights. The mechanism can be viewed as an auction that allows for price discrimination. Another
interpretation is to regard the discrimination weightsC1, . . . ,Cn as maximum allocations offered by the provider
to users from which actual allocations then derive as portions of the maximum allocations proportional to users’
bids. The weighted proportional allocation mechanism could be seen as an akin to generalized second price auction
used in sponsored search [5, 37, 38, 18] for the following reasons. Therein, the advertisers (users) are ranked in
decreasing order of the product of the bid and the click-through-rate (weight) associated to individual advertisers.
Hence, the users are discriminated in a similar manner as with our weighted proportional allocation; in both settings,
the purpose of the discrimination weights is the same – the revenue maximization.

Applications. The weighted proportional allocation mechanism could be used as a simple mechanism for service
provisioning by providers; we indicate a few examples in thefollowing. First, it could be used for allocation of data
center resources to users; for example, for scheduling of multi-task jobs to machines in the context of data intensive
computations. Typically, data centers are complex systems, consisting of many clusters of machines, and users have
diverse processing and storage requirements. Second, it could be used for provisioning of network connectivity
by network providers. In both two latter cases, detailed internal structure of the system would be known only by
the provider, and only a simple interface would be availableto users; some users may require more resources than
others; the allocation mechanism would need to account for this diversity of requirements keeping a simple interface
to users. Finally, it could be used in sponsored search for allocation of ad slots to advertisers. In this context, we
interpret the allocation vector as click-through-rates over the ad slots, associated to particular assignment of ads
to ad slots. The goal of the provider is to assign ad slots to a set of advertisers that maximizes the revenue over
a convex closure of the observed allocation vectors; note that this approach accounts for externalities where the
click-through-rate for a specific ad depends on the ads displayed along with this ad.

Summary of our Results.We consider the weighted proportional allocation in a competitive setting where both
users and providers aim at selfishly optimizing their respective payoffs. The payoff of a user is the surplus, defined
as the utility of a given allocation minus the payment. The payoff of the provider is the revenue, equal to the sum
of the payments received from the users. We consider a weighted proportional allocation game where a provider
announces the discrimination weights and then users strategically choose their bids. The provider anticipates the
response from the users and choose the discrimination weights trying to maximize the revenue. We consider both
price taking and price anticipating users, which are definedmore precisely in Section 2.

We are interested in both the revenue and the social welfare under the weighted proportional allocation game.
We consider both a monopoly scenario with a single provider and an oligopoly scenario with multiple providers. In
the oligopoly scenario, each user can receive an allocationfrom any provider and is concerned only with the total
allocation received across all the providers. Note that it is a priori rather unclear how efficient would be the weighted
proportional allocation with respect to the revenue and thesocial welfare as both users and providers are selfish in
optimizing their own objectives.

To the best of our knowledge, this paper would be a first attempt to consider the weighted proportional allocation
for general polyhedron resource constraints. Our game-theoretic analysis provides insights into the revenue and the
social welfare under the weighted proportional allocation; as a by-product, the analysis also tells about the standard
proportional allocation in case of a strategic (revenue-maximizing) provider who may strategically misreport the
capacity parameters that appear in the user payoff functions.

As standard, the revenue maximization requires from the provider to posses some information about utilities of
individual users. In practice, this information would be readily available by providers whose service is repetitively
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used by users. In an implementation, the revenue maximization could be solved by an online optimization. In this
paper, we consider the equilibrium points of the weighted proportional allocation game under complete information,
i.e. providers have complete information about user’s utilities.

Our results can be summarized in the following points:

• We find that under price anticipating users, the revenue of the weighted proportional allocation is at least
k/(k+ 1) times the revenue under standard third-degree price-discrimination with a set ofk users excluded.
The third-degree price-discrimination is revenue-equivalent to the weighted proportional allocation under price
taking users. This revenue comparison result implies that in many cases with sufficiently large number of
users, the revenue under the weighted proportional allocation would be near optimal.

• We show that for linear user utility functions, the social welfare is equal to the maximum social welfare
under price taking users, and is at least 1/(1+2/

√
3) ≈ 0.464 times the maximum social welfare under price

anticipating users; moreover, the latter bound is tight. This tells us, somewhat surprisingly, that the weighted
proportional allocation guarantees the social welfare that is at least 46% of the maximum social welfare, even
though the provider acts selfishly by maximizing the revenueand users act selfishly by maximizing their
payoffs. This result is of independent interest as linear utility functions are rather commonly considered in
literature as they well apply in some applications in practice. Furthermore, the result is used to generalize the
efficiency lower bounds to a more general class of utility functions and multiple providers.

• We introduce a class of utility functions, we callδ-utility functions (δ ≥ 0), and show that this class of utility
functions accommodates many families of utility functionsfound in literature. For example, a linear or trun-
cated linear utility function belongs to this class as well as log(1+x), some polynomials and some families of
utility functions commonly considered in the network resource allocation. We also show that a utility function
from this class remains in the class by scaling with any positive constants and that sums of utility functions
from this class remain in the class.

• We show that if the utility functions areδ-utility functions, then under price taking users the social welfare
is at least 1/(1+ δ) times the maximum social welfare and under price anticipating users it is at least 1/(1+
2/
√

3+ δ) times the maximum social welfare. Note that this result is established for an oligopoly of multiple
competing providers. Hence, we establish that for the classof δ-utility functions, the social welfare is a
constant factor of the maximum social welfare, even if, in addition, multiple providers compete in service
provisioning to users.

Outline of the paper. In Section 2, we introduce the notation and assumptions. Section 3 provides the revenue
comparison result (Theorem 1). In Section 4 we present our results on the social welfare for a monopoly of a single
provider. We first present the result on the worst-case efficiency under linear utility functions (Theorem 2). We then
define the class ofδ-utility functions in Section 4.2. This is followed by a result on the worst-case efficiency for
δ-utility functions (Theorem 3). Section 4.2.1 shows that many families of utility functions areδ-utility functions
(Lemma 1 and Lemma 2), and finally, relates the class ofδ-utility functions to the standard notion of the elasticity
of demand. In Section 5, we consider an oligopoly of multiplecompeting providers and establish our worst-case
efficiency bound forδ-utility functions (Theorem 5). We discuss the related workin Section 6. Finally, we conclude
in Section 7. Some of the proofs are presented in Appendix.

2 Notation and Assumptions

We consider a system ofn users competing for the resources of a single provider; we introduce the setting with
multiple providers later in Section 5. Letxi be the allocation to useri and let~x = (x1, . . . ,xn) denote the allocation
vector. Suppose thatUi(xi) is the utility of the allocationxi to useri. The allocation vector~x is feasible only if~x∈ P

whereP is a set inRn
+. We assume thatP is a polyhedron, i.e.P = {~x∈ IRn

+ : A~x≤~b} for some matrixA and vector
~b. Note that this allows for rather general resource constraints; for example, for any practical purposes, any convex
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set can well be approximated by a polyhedron. The special case of an infinitely divisible resource of a finite capacity
C is accommodated byP = {~x ∈ IRn

+ : ∑n
i=1 xi ≤ C}. The general polyhedron constraints accommodate complex

resources such as networks of processor or networks of communication links.
The weighted proportional allocation game is defined as follows. The provider announces a set of discrimination

weights~C = (C1, . . . ,Cn) that are common knowledge, then users submit bids~w = (w1, · · · ,wn). The allocation to
each useri is given by

xi =
wi

∑ j w j
Ci . (1)

We assume that each useri chooses a bidwi that maximizes the surplusUi(xi)−wi, respectively, under the price
taking assumption (Section 2.1) and under the price anticipating assumption (Section 2.2). The provider anticipates
the response by users and selects the discrimination weights ~C that maximize the revenueR= ∑ j w j such that the
corresponding allocation vector~x is feasible, i.e.~x∈ P .

2.1 Price Taking Users

Given a discrimination weightCi and the sum of the bids∑ j w j , the price per unit resource for useri is pi =
(∑ j w j)/Ci . Useri chooses a bidwi that maximizes his surplus, taking the pricepi as fixed, i.e. solves

USER: maximizeUi

(

wi

pi

)

−wi overwi ≥ 0.

It follows thatU ′
i (xi) = pi for each useri, and hence the revenue is equal toR(~x) = ∑i U

′
i (xi)xi . The provider solves

the following problem
PROVIDER: maximize∑

i

U ′
i (xi)xi over ~x∈ P . (2)

A Nash equilibrium of the game under price taking users is a vector of discrimination weights~C and a vector of
user bids~w such that for every useri,

Ci =
R(~x)

U ′
i (xi)

andwi = U ′
i (xi)xi

where~x∈ P is a solution to (2).

Remark Indeed, if for eachi, U ′
i (x)x is a concave function, then (2) is a maximization of a concavefunction over a

convex set, hence a convex optimization problem.

Note that (2) is the same optimization problem as under standard third-degree price discrimination by a profit-
maximizing monopoly [34, 36].

Remark The weighted proportional allocation under price taking users is revenue-equivalent to third-degree price
discrimination.

2.2 Price Anticipating Users

Given a discrimination weightCi and the sum of the bids∑ j w j , each useri selects a bidwi that maximizes his
surplus, i.e. solves

USER: maximizeUi

(

wi

∑ j 6=i w j +wi
Ci

)

−wi overwi ≥ 0. (3)

The provider anticipates selection of the bids by users, andsolves the following problem

PROVIDER: maximizeR(~x) over~x∈ P (4)

whereR(~x) is given by
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∑
i

U ′
i (xi)xi

U ′
i (xi)xi +R(~x)

= 1. (5)

To see this, it suffices to show that for any given discrimination weights~C, the revenue is given by (5). Note that
the objective function in (3) is concave inwi, hence, at an optimum solution eitherwi = 0 or the derivative of the
objective function is zero. Setting the derivative to zero is equivalent to:

U ′
i (xi) ·

∑ j 6=i w j

(∑ j w j)2Ci −1 = 0, for xi > 0.

It follows

U ′
i (xi) =

(∑ j w j)
2

Ci ∑ j 6=i w j
=

R2

Ci(R−wi)
(6)

where recall the revenue is equal to the sum of the payments byindividual users, i.e.R= ∑ j w j . Combining with
wi = xiR/Ci that follows from (1), we have

U ′
i (xi) =

R
Ci −xi

. (7)

From (7), we obtain
xi

Ci
=

U ′
i (xi)xi

U ′
i (xi)xi +R

.

Finally, combining with∑i xi/Ci = 1 which follows from (1), we obtain (5). Note that all the formulas above are
applied for the casexi > 0 only; nevertheless, ifxi = 0, we haveU ′

i (xi)xi = 0, and therefore, the equation (5) holds
for any optimum allocation vector~x.

A Nash equilibrium of the game under price anticipating users is a vector of discrimination weights~C and a
vector of user bids~w such that for every useri,

Ci = xi +
R(~x)

U ′
i (xi)

andwi =
R(~x)

U ′
i (xi)xi +R(~x)

U ′
i (xi)xi

where~x∈ P is a solution to (4).
We note the following proposition whose proof is deferred toAppendix 7.1.

Proposition 1 Suppose that for each i, U′i (x)x is a concave function, then R(~x) is a concave function. Therefore,
the provider problem (4) is a maximization of a concave function over a convex set, hence a convex optimization
problem.

Finally, we conclude this section with the following observations: (i) ifU ′
i (xi)xi are not assumed to be concave,

then (4) may have locally optimal solutions; (ii) if there isonly one competing user, the revenue is 0; and (iii) for
n = 2, the revenue can be expressed in the following explicit form, R(~x) = 1

2

√

U ′
1(x1)x1U ′

2(x2)x2.

3 Revenue

In this section, we compare the revenue of the weighted proportional allocation under price anticipating users with
that of standard third-degree price discrimination [34, 36]. Recall that third-degree price discrimination is revenue-
equivalent to weighted proportional allocation under price taking users.

Remark The optimum revenue of the weighted proportional allocation under price anticipating users is smaller then
the optimum revenue of the weighted proportional allocation under price taking users.
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The claims follows by noting from (5) that

R(~x) < ∑
i

U ′
i (xi)xi , for all~x∈ P .

For example, consider a system ofn users, competing for a resource with the constraint∑i xi ≤C, for someC > 0.
Suppose that users have a common utility functionU(x) such thatU ′(x)x is concave. Then, the optimum revenue
under price taking users isnmaxx∈[0,C/n] U

′(x)x while the optimum revenue under price anticipating users issmaller,
equal to(n−1)maxx∈[0,C/n] U

′(x)x.
In the following, we provide a general revenue comparison result. LetR∗

n−k be the smallest optimum revenue
under price taking users by excluding a set ofk users. More formally,

R∗
n−k = min

S⊂{1,...,n}: |S|=n−k
max
~x∈P

∑
i∈S

U ′(xi)xi .

Theorem 1 Suppose that for each i, U′i (x)x is a concave function. Let R be the optimum revenue of weighted
proportional allocation mechanism under price anticipating users, and let R∗n−k be the smallest optimal revenue
under price taking users by excluding a set of k users. Then, for 1≤ k < n,

R≥ k
k+1

R∗
n−k.

Comments. The result implies that the revenue under price anticipating users is at least a factor 1/2 of the
optimum revenue achieved under price taking users by excluding a user whose exclusion decreases the revenue the
most. For systems with large number of users, in many cases, the revenue would be near optimal.

Proof. From (5), it is straightforward to derive that

∑
i

U ′
i (xi)xi −max

j
U ′

j(x j)x j ≤ R(~x) < ∑
i

U ′
i (xi)xi , for all~x∈ P .

Suppose that for each 1≤ k < n, there exists~x∈ P such that both of the following two conditions hold

(i) ∑i U
′
i (xi)xi ≥ R∗

n−k;

(ii) U ′
1(x1)x1 = · · · = U ′

k+1(xk+1)xk+1 ≥ ·· · ≥U ′
n(xn)xn,

where, without loss of generality, the users are enumeratedsuch thatU ′
1(x1)x1 ≥ ·· · ≥U ′

n(xn)xn.
Under conditions i and ii, we have

R(~x) ≥ ∑
i

U ′
i (xi)xi −max

j
U ′

j(x j)x j ≥
k

k+1∑
i

U ′
i (xi)xi ≥

k
k+1

R∗
n−k

which is what we need to prove.
We show that conditions i and ii hold by induction overk. Base step: k = 0. In this case, condition i holds for

~x that is a solution to the provider problem under price takingusers and condition ii is trivially true as there always
exists aj such thatU ′

j(x j)x j ≥U ′
i (xi) for eachi. Induction step: suppose that there exists a vector~x∈ P such that

both condition i and condition ii hold fork. We then show that there exists a vector~x∈ P such that conditions i and
ii hold for k+1.

Let~x be an allocation vector for which conditions i and ii hold fork. Note thatR∗
n−k ≥ R∗

n−(k+1) as allowing
to exclude a larger set of users cannot increase the smallestoptimum revenue under price taking users. Combining
with the induction hypothesis that condition i holds fork, we obtain∑i U

′
i (xi)xi ≥ R∗

n−(k+1), i.e. condition i holds for
k+1. It remains to show that condition ii holds fork+1.

In the following, without loss of generality, we assume thatusers are enumerated such thatU ′
1(x1)x1 ≥ ·· · ≥

U ′
n(xn)xn. Let~y∈ P be an optimum solution of the provider problem under price taking users under the constraint

y1 = . . . = yk+1 = 0, i.e. with users 1,2, . . . ,k+1 excluded. Note that∑i U
′
i (yi)yi ≥ R∗

n−(k+1).
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Now, let us consider the vector~vt defined by

~vt = (1− t) · (U ′
1(x1)x1, . . . ,U

′
n(xn)xn)+ t · (U ′

1(y1)y1, . . . ,U
′
n(yn)yn), for t ∈ [0,1].

Note that ast increases from 0, thek+ 1 largest coordinates of~vt decrease while all the other coordinates either
increase or do not change. Thus, there existst∗ ∈ [0,1] such that the largestk+ 2 coordinates of~vt are equal.
Furthermore, as∑i U

′
i (xi)xi ≥ R∗

n−(k+1) and∑i U
′
i (yi)yi ≥ R∗

n−(k+1), we have that∑i v
t∗
i ≥ R∗

n−(k+1). Finally, since for

eachi, U ′
i (xi)xi is concave, there exists a vector~z∈ P such that(U ′

1(z1)z1, . . . ,U ′
n(zn)zn) =~vt∗ . We showed that the

vector~zsatisfies conditions i and ii fork+1 which completes the proof.

4 Social Welfare

We consider social welfare under the weighted proportionalallocation game. For an allocation vector~x ∈ P , the
social welfare is∑ j U j(x j). The worst-case efficiency isη ∈ [0,1], if for any equilibrium allocation~x of the weighted
proportional allocation game, the following holds

∑
i

Ui(xi) ≥ η∑
i

Ui(yi), for every~y∈ P ,

i.e. the social welfare at any equilibrium of the game is at least the factorη of the maximum social welfare. This
is a standard (worst-case) measure of efficiency, popularlyreferred to as theprice of anarchy(Papadimitriou [27]),
and considered by many under various assumptions (e.g. [10,24, 7, 4, 9, 39, 12, 11, 1, 2]). Note that in the weighted
proportional allocation game, any efficiency loss is a result of the selfish interests of users aiming at maximizing
their payoffs, and the selfish interest of the provider aiming at maximizing the revenue.

We first establish a tight efficiency bound for the case of linear utility functions in Section 4.1. We then introduce
a broad class of utility functions (we callδ-utility) in Section 4.2 and provide an efficiency bound for this class of
utility functions. Finally, in Section 4.2.1, we show that many utility functions considered in literature areδ-utility
functions.

4.1 Efficiency for Linear Utility Functions

We consider the worst-case efficiency for linear utility functions. The following result provides tight bounds on the
worst-case efficiency under price taking and price anticipating users. The result is of independent interest as linear
utility functions are rather commonly assumed in various contexts, e.g. sponsored search [5, 37, 38, 19]. We use this
result in deriving efficiency bounds for a more general classof utility functions, for a single provider (Theorem 3)
and multiple providers (Theorem 5).

Theorem 2 Assume that for each i, the utility function Ui(x) is strictly increasing and linear, i.e. for some vi > 0,
Ui(x) = vix, for x≥ 0. Then,

(i) under price taking users, the efficiency is1;

(ii) under price anticipating users, the worst-case efficiency is1/(1+2/
√

3). Moreover, this bound is tight.

Proof is presented in Section 4.1.1.

Comments. The result establishes that under price anticipating users, the efficiency is at least 1/(1+2/
√

3), which
is approximately 46.41%. Furthermore, for everyε > 0, there exist cases for which the efficiency is less or equal to
1/(1+2/

√
3)+ ε. In comparison to the network resource allocation game considered by Johari and Tsitsiklis [10],

the worst-case efficiency for the weighted proportional allocation game is lower. Indeed, [10] established the worst-
case efficiency of 3/4 · 100= 75% under even more general user utility functions where users submit individual
bids to resources applying the proportional allocation mechanism. In the setting of [10], the efficiency loss is
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Figure 1: Worst-case efficiency versus the number of usersn.

due to strategic user bidding while in our case it is due two factors: (i) strategic user bidding and (ii) revenue
maximization by the provider; and this results in lower worst-case efficiency. The result stands in stark contrast to
that of Yang and Hajek [7] who found that for the proportionalallocation mechanism and users submitting scalar
bids, the worst-case efficiency is 0 (their example is for linear utility functions). The theorem tells us that even under
a revenue-maximizing provider, the social welfare is at least a constant factor of the maximum social welfare, where
this constant is equal to one, under price taking users, and slightly smaller than one half, under price anticipating
users. Hence, the weighted proportional allocation mechanism yields a competitive social welfare, under selfish
users who aim at maximizing their payoffs and a selfish provider whose goal is to maximize his revenue. We will
see later that this qualitative property holds also under more general utility functions, for a monopoly of single
provider (Theorem 3) and an oligopoly of multiple providers(Theorem 5).

Remark In the proof of the theorem in Section 4.1.1, it is showed thatthe worst-case efficiency is achieved asymp-
totically as the number of usersn tends to infinity, where there is a unique user with largest marginal utility vi

(say this is user 1) and all other users have identical marginal utilities equal to(2−
√

3)2v1 ≈ 0.0718v1. The Nash
equilibrium allocation is~x = (x1,x2, . . . ,x2) where

x1 = 1− 1√
3

+o(1)

x2 =
1√
3

1
n

+o(1/n).

Hence, in the limit of many users, the user with the largest marginal utility is allocated 42.26% of the resource and
the rest is equally shared by the remaining users.

Remark Since the tightness of the worst-case efficiency is showed asthe number of usersn goes to infinity (Sec-
tion 4.1.1), one may legitimately ask how fast the worst-case efficiency converges to the limit with the number of
usersn. From Section 4.1.1, it is not difficult to note that the worst-case efficiency isx1 +(1− x1)

v2
v1

wherev2/v1

andx1 are given by (17) and (18), respectively. We present the worst-case efficiency versusn in Figure 1; note that
the worst-case efficiency is approximately 56% for two usersand it gets near to the asymptote 1/(1+2/

√
3) already

for tens of users. In fact, one can show that

worst-case efficiency=
1

1+ 2√
3

(

1+
2(2−

√
3)

3
1
n

)

+o(1/n).

Finally, we show that the larger the competitiveness among the users, the larger the efficiency. This is made
precise in the following proposition whose proof is deferred to Appendix 7.3.
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Figure 2: Worst-case efficiency versusk. The solid line is the asymptote 1− 1
2k +o(1/k).

Proposition 2 Assume the same setting as in Theorem 2 but in addition, assume v1 = · · · = vk ≥ vk+1 ≥ vn. Then,
under price anticipating users, the efficiency is at least1− 1

2k +o(1/k).

Remark In Figure 2, we show numerical results for the worst-case efficiency under the assumption that at leastk
users have largest marginal utilities, along with the asymptote in Proposition 2; note that the efficiency is almost
75% for k = 2, larger than 80% fork = 3, and almost 90% fork = 5; the asymptote of the proposition is a good
approximation for everyk≥ 2.

4.1.1 Proof of Theorem 2

Item i easily follows as under linear utility functions,U ′
i (x)x = Ui(x), for x ≥ 0, for everyi, hence, the revenue

maximization corresponds to social welfare maximization.
In the remainder we show item ii. LetUi(x) = vix, vi > 0, for each useri. Let R(~x) be the function given by (5).

Let R∗ be the optimum revenue, i.e.R∗ = max{R(~x) : ~x∈ P}. We note the following:

Claim 1 The setLµ := {~x∈ IRn
+ : R(~x) ≥ µ} is convex, for every µ∈ [0,R∗].

The claim indeed holds as in Proposition 1 we showed thatR(~x) is a concave function, and thusLµ is a level-set
of a concave functionR(~x) which is convex [30][Theorem 4.6].

Since for every~x∈ P , R(~x) ≤ R∗, the two convex setsLR∗ andP do not have common interior points. LetH be
a hyperplane that weakly separates these two sets. This hyperplane can be written as

∑
i

γixi = 1, with γi ≥ 0 for eachi. (8)

In a slightly different game, where the provider has the feasible setQ = {~x ∈ IRn
+ : ∑i γixi ≤ 1}, the allocation

that maximizes the revenue overQ is the same as in the original game. SinceP ⊂ Q , the optimal social welfare of
the new game is at least the social welfare of the original game. Therefore, it is enough to prove a lower bound on
the efficiency for the class of games where the provider has the feasible setQ .

Taking the partial derivative with respect tox j on both sides in (5), we obtain

[U ′
j(x j)x j ]

′

(U ′
j(x j)x j +R)2 =

∂
∂xj

R

R
·∑

i

U ′
i (xi)xi

(U ′
i (xi)xi +R)2 .

9



For any optimum allocation vector~x, we have eitherx j = 0 or ∂
∂xj

R= λγ j whereλ ≥ 0 is the Lagrange multiplier [30]
associated to the constraint∑i γixi ≤ 1. It follows that

eitherxi = 0 or
1
γi
[U ′

i (xi)xi ]
′

(U ′
i (xi)xi +R∗)2 = p > 0. (9)

In the following, it is convenient to use the following notation

ai =
vi

γi
andzi = γixi , yi =

aizi

aizi +R∗ , for each useri,

where~x is a Nash equilibrium allocation vector. Without loss of generality, assume that

a1 ≥ a2 ≥ ·· · ≥ an.

The equalities (5) and (8) can now be written as

∑
i

yi = 1 (10)

∑
i

zi = 1. (11)

For linear utility functions, from (9),

eitherzi = 0 or
ai

(aizi +R∗)2 = p > 0. (12)

It is straightforward to note that the following holds

aizi = R∗ yi

1−yi
(13)

and that (12) is the same as

eitheryi = 0 or
ai(1−yi)

2

R∗2 = p > 0. (14)

On the one hand, from (13) and (10), we have that the social welfare at a Nash equilibrium satisfies

∑
i

aizi = R∗∑
i

yi

1−yi
≥ R∗

(

y1

1−y1
+ ∑

i≥2

yi

)

= R∗
(

y1

1−y1
+(1−y1)

)

= R∗ y2
1−y1+1
1−y1

. (15)

On the other hand, using (11) and (13), the maximum social welfare is

a1 = a1

(

∑
i

zi

)

= a1R∗∑
i

yi

ai(1−yi)
.

From (14),ai(1−yi)
2 = a1(1−y1)

2 whenevery1,yi > 0, hence

a1R∗∑
i

yi

ai(1−yi)
=

R∗

(1−y1)2 ∑
i

yi(1−yi).

Hence, for the maximum social welfare

R∗

(1−y1)2 ∑
i

yi(1−yi) ≤ R∗

(1−y1)2

(

y1(1−y1)+ ∑
i>1

yi

)

=
R∗

(1−y1)2 (y1(1−y1)+1−y1)

= R∗ 1−y2
1

(1−y1)2 (16)

10



where the second equality follows from (10).
From (15) and (16), the efficiency is at least

R∗ y2
1−y1+1
1−y1

R∗ 1−y2
1

(1−y1)2

=
y2

1−y1 +1
y1 +1

≥ 1

1+ 2√
3

where the inequality follows from the following claim

Claim 2 The minimum of the function f(y) = y2−y+1
y+1 over [0,1] is equal to2

√
3−3 = 1/(1+2/

√
3).

whose proof is given in Appendix 7.2. It remains only to provethat the asserted efficiency bound is tight which
we do in the following.

Tightness. Consider the following case:v1 > v2 = · · · = vn with

v2

v1
=

(

1−y1

1−y2

)2

(17)

wherey1 =
√

3−1, y2 = (2−
√

3)/(n−1), and letγi = 1 for each useri, i.e. ∑i xi = 1.
For this choice, note that (14) holds. Furthermore, from (13) we have that~x = (x1,x2, . . . ,x2) is a Nash equilib-

rium allocation vector such that
v2x2

v1x1
=

y2(1−y1)

y1(1−y2)
.

It follows
x2

x1
=

y2(1−y2)

y1(1−y1)
.

Combining withx1 +(n−1)x2 = 1, we have

x1 =
1

1+(n−1)y2(1−y2)
y1(1−y1)

(18)

andx2 = (1−x1)/(n−1). Evaluating the ratio of the social welfare at the Nash equilibrium and the maximum social
welfarev1, we obtain 1/(1+2/

√
3) asymptotically asn tends to infinity. This completes the proof.

4.2 Efficiency for a General Class of Utility Functions

In the previous section, we showed that if the user utility functions are linear, then the efficiency is bounded by a
constant that is independent of the number of users. However, in literature, user utility functions are often assumed
to be non-negative, non-decreasing concave functions, which is more general. We first argue that for this more
general class of utility functions, there exist cases for which the efficiency can be arbitrarily small under a revenue-
maximizing provider. We then define a broad class of utility functions which accommodates many utility functions
used in the literature. For this class of utility functions,we prove that the efficiency is bounded by a constant for a
monopoly of a single provider and an oligopoly of multiple providers (Section 5).

A bad example. We show an example where user utility functions are non-negative, non-decreasing concave
functions, for which the efficiency is 0. The provider optimizesR(~x) given by (5).R(~x) is an increasing function in
U ′

i (xi)xi , therefore, for general concave utility functions, it might happen that there is a Nash equilibrium allocation
~x∗ ∈ P such thatU ′

i (x
∗
i )x

∗
i = maxx∈[0,∞)U

′
i (x)x and the provider will have incentive to under report the availability

of the resource in order to maximize the revenue. This is the main, common cause of efficiency loss under revenue-
maximizing providers.

Consider a symmetric case of 2 users withUi(x) = U(x) for i = 1,2, and a provider with the resource constraint
x1 +x2 ≤C, for C > 0. SupposeU(x) is a non-negative, non-decreasing concave function specified by

11



U ′(x) =

{

3−2x 0≤ x≤ 1
1
x x≥ 1.

We then have that the provider maximizesR(x) = U ′(x)x over 0≤ x≤C/2, with the maximizing pointx = 3/4.
The ratio of the social welfare at the Nash equilibrium and the maximum social welfare isU(3/4)/U(C/2). Letting
C go to infinity, we obtain the limit efficiency limC→∞ U(3/4)/U(C/2) = 0.

The preceding example shows that we need to restrict the class of utility functions to a subset of non-negative,
non-decreasing concave functions, in order to guarantee a constant efficiency for any number of users. To this end,
we introduce the class ofδ-utility functions in the following definition.

Definition 1 Let U(x) be a non-negative, non-decreasing, and concave utility function and let x0 ≥ 0 be the value
maximizing U′(x)x. We call U(x), δ-utility, if, in addition, the following two conditions hold

(i) U ′(x)x is a concave function over[0,x0], and

(ii) there existsδ ∈ [0,∞), such that for every a∈ [0,x0],

U(b) ≤ δU(a)+ [U ′(a)a]′b, for all b ≥ 0. (19)

xa b

U ′(x)

[U ′(x)x]′

W

L

Figure 3: Aδ-utility function: L
W ≤ δ, whereL is the shaded andW is the hatched area.

Condition (19) means that the utility functionU(x) is upper bounded byaffinefunctionsc+dxwherec= δU(a)
andd = [U ′(a)a]′, for everya∈ [0,x0]. Note that condition (19) is equivalent to requiring that for everya∈ [0,x0],

U(b)−U ′(b)b≤ δU(a)

whereb is given byU ′(b) = [U ′(a)a]′. We show a geometric interpretation of condition (19) in in Figure 3 where it
corresponds toL/W ≤ δ, for verya∈ [0,x0], whereL andW are the areas indicated in Figure 3.

We next briefly discuss why the above class of utility functions is rather natural, postponing to show that the
class accommodates many utility functions found in literature to Section 4.2.1.

Relation to the efficiency of monopoly pricing. The dependency of the efficiency on the properties of the util-
ity functions holds in general, not is not particular to our mechanism. Consider the classical case of monopoly
pricing [36] – a single seller sells to buyers with utility function U(x) and there is a constant marginal produc-
tion costc > 0. The seller optimizes the pricep so as to maximize the profit. For given pricep, buyers choose
the quantityx that maximizesU(x)− px, so thatU ′(x) = p. The sellers finds the quantityxm that maximizes
p(x)x− cx = U ′(x)x− cx, thus [U ′(xm)xm]′ = c. The social welfare is maximum at a quantityxs that maximizes
U(x)−cx, thusU ′(xs) = c. It follows that the efficiency is(U(xm)−cxm)/(U(xs)−cxs), which in the geometric in-
terpretation in Figure 6 corresponds to the ratioW′/L. Note that if the utility function is such that for someγ ∈ [0,1],
the efficiency of the monopoly pricing is greater or equal toγ for any marginal costc> 0, then the utility function is
a 1

γ -utility.
We now state the main result of this section:

12



c

p

xm xs

W′
L

x

[U ′(x)x]′

U ′(x)

Figure 4: Efficiency for monopoly pricing:W
′

L .

Theorem 3 Assume that for each i, the utility function Ui(x) is a δ-utility. Then,

(i) under price taking users, the efficiency is at least1/(1+ δ);

(ii) under price anticipating users, the efficiency is at least 1/(1+2/
√

3+ δ).

Proof. This is a corollary of Theorem 5 which holds for a more generalsetting ofm≥ 1 competing providers.

Note that forδ = 0, we recover the result of Theorem 2. The result under item iishows that for the price
anticipating users with utility functions in the class ofδ-utility functions, the efficiency is at least 1/(1+2/

√
3+δ)≈

1/(2.16+δ). This shows that the weighted proportional allocation yields a competitive social welfare under a broad
class ofδ-utility functions.

In the following section, we exhibit that some common families of utility functions belong to the class ofδ-utility
functions and for these families of utility functions compute the values ofδ.

4.2.1 δ-utility Functions

The following lemma shows that many utility functions foundin literature areδ-utilities.

Lemma 1 We have the following properties:

(i) U (x) = αx, for α > 0, or a truncated linear function1, is a0-utility;

(ii) U (x) such that U′(x) is a concave function is a2-utility;

(iii) U (x) = log
(

c+x
c

)

, for c> 0, is a2-utility;

(iv) U(x) = (c+x)α for c≥ 0 and0≤ α ≤ 1 is a(1−α)α− α
1−α -utility for 0≤ α ≤ 1

2, and a1-utility for 1
2 < α ≤ 1;

simpler but weaker, it is ae2-utility for 0 < α ≤ 1.

(v) U(x) = wα

1−α(c+x)1−α, for α ∈ [0,1)∪ (1,∞), and U(x) = wlog(c+x), for α = 1, with w> 0 and any c≥ 0,

is a 1-utility for 0≤ α ≤ 1
2 and aα(1−α)−

1−α
α -utility for 1

2 < α < 1; simpler but weaker, it is ae2-utility for
0≤ α < 1.

(vi) U(x) = α ·arctan
(

x
α
)

, for α > 0, is a2-utility.

1That is,U(x) = min{αx,y}, for everyx≥ 0, for somey > 0.
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The linear functions under item i are rather commonplace in economics and other literature and apply well to
situations where users derive constant marginal rewards, e.g. a fixed reward per click on an ad [18]; truncated
linear utility functions were considered representative of real-time traffic requirements in communication network
scenarios [31] and were considered in the context of price competition games [1, 2]. Concave marginal utilities
(item ii) were considered in [9]. The logarithmic utility function under item iii was considered by several authors,
for instance, as a model of a communication network connection in [3] and [31]; it can be seen as an approximation
for proportional-fair allocations [15]. Polynomial utility functions (item iv) were used in a model of trade [17]. The
family of utility functions under item v is known asα-fair [15, 22] and was used widely in the context of network
resource sharing. Finally, the utility function under itemvi was derived by Kelly [13] as a characterization of a
TCP-like connection.

We have the following result whose proof can be found in Appendix 7.5.

Lemma 2 If f and g areδ-utilities, then so are:

(i) c · f , for c> 0;

(ii) truncated f

(iii) f +g.

Relation to the elasticity of demand. It is natural to consider how the definition ofδ-utility compares to existing
characterizations of utility functions. A standard measure is the so-calledelasticity of demandwhich is used to
characterize the third-degree price discrimination [36, 34]. Let p(x) =U ′(x) wherep(x) is interpreted as the price at
the outputx, and the inverse functionx(p) is known as the demand function. The elasticity of demand at the output
x is defined by−(dx/x)/(dp/p). Note that this corresponds toU ′(x)/(−U ′′(x)x). Now, instead of considering the
elasticity of demand at particular values of the outputx, we consider the following uniform bound, letε > 0 be such
that

U ′(x)
−U ′′(x)x

≥ ε, for all x≥ 0. (20)

Note that in Figure 3, the left-hand side corresponds to the ratio of the length of the line segment[(a,0),(a,U ′(a))]
and the length of the line segment[(a, [U ′(a)a]′),(a,U ′(a))]. Intuitively, we want this ratio to be large as we want the
areaL to be small relative to the areaW. This indeed conforms to the fact that linear utility functions have infinite
elasticity of demand, and by Lemma 1 we know that linear utility functions are 0-utilities.

The following lemma provides a relation between the elasticity of demand andδ-utility.

Lemma 3 Suppose U(x) is a non-negative utility function such that U′(x) is non-increasing and concave and (20)
holds. Then, U(x) is a 2

ε -utility function.

Proof. For a concave functionU ′(x), the areaL in Figure 3 is less than or equal to the area of the triangle defined
by the intersection of the linesx = 0, y = [U ′(a)a]′, and the tangent to the functionU ′(x) at x = a. The area of this
triangle is−2U ′′(a)a2. Hence,

L
W

≤ −2U ′′(a)a2

U(a)
=

−2U ′′(a)a
U ′(a)

U ′(a)a
U(a)

≤ −2U ′′(a)a
U ′(a)

≤ 2
ε

where the first inequality follows asU ′(a)a≤U(a) holds for any non-negative concave utility functionU(a) (which
holds asU ′(a) is assumed to be non-increasing) and the last inequality is by (20).

The following example shows that there exist utility functions for which strictly positive (and even large) elastic-
ity does not imply that the utility function is aδ-utility. Indeed, such utility functions do not verify the assumptions
of Lemma 3.
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Example. For c,d > 0, and 0< x0 ≤ c/d, let

U ′(x) =

{

c− d
2x 0≤ x≤ x0

c−dx0+
dx2

0
2x x > x0.

Note that[U ′(x)x]′ = c−dx, for 0≤ x≤ x0, and[U ′(x)x]′ = c−dx0, otherwise. Note thatU ′(x) is a convex function
and thus the assumptions of Lemma 3 are not met. It is not difficult to find that

ε =
2c
dx0

−1> 0.

For a finitea > x0, we have that the areaW (see Figure 3) is equal toU(a) = 3d
4 x2

0 + (c− dx0)a+
dx2

0
2 log a

x0
, thus

0 < W < ∞. On the other hand, for the areaL we haveL = (U(a)− [U ′(a)a]′a)+
dx2

0
2

∫ ∞
a

dx
x = ∞, thusU(x) is not a

δ-utility.

5 Multiple Providers

In this section, we consider an oligopoly of multiple competing providers where each provider allocates resources
according to the weighted proportional allocation. We assume that each user can receive resources from any provider
and is concerned only with the total allocation received over all providers. More concretely, letxk

i denote the
allocation to useri by providerk. We assume that for each useri, the utility of the allocation vector(x1

i , i =
1, . . . ,n, k = 1, . . . ,m) is a functionUi(xi) wherexi = ∑k xk

i denote the total allocation to useri over all providers. In
the remainder we denote withx−k

i = xi −xk
i the total allocation to useri over all providers except providerk, and use

the following vector notation~xk = (xk
1, . . . ,x

k
n) and~x−k = (x−k

1 , . . . ,x−k
n ).

Each useri chooses bids~wi = (w1
i , . . . ,w

m
i ) that maximize

USER: maximizeUi(xi)−∑
k

wk
i (21)

over~wi ∈ IRn
+ subject to either price taking or price anticipating which we discuss in the following. In either

case, we have

xi = ∑
k

wk
i

pk
i

wherepk
i := (∑ j w

k
j)/Ck

i is the price per unit resource for useri charged by providerk andCk
i is the discrimination

weight for useri by providerk.

Price taking users. Under price taking users, the maximization in (21) is performed over~wi ∈ IRn
+ while taking

the pricespk
i as fixed. It is easy to note that for an optimal allocation(x1

i , . . . ,x
m
i ), eitherxk

i = 0 or U ′
i (xi) = pk

i .
Therefore, the revenue by providerk is equal toRk(~xk,~x−k) = ∑i U

′
i (x

−k
i +xk

i )x
k
i .

A Nash equilibrium of the game under price taking users is a vector of discrimination weights(Ck
i , i = 1, . . . ,n,k=

1, . . . ,m) and a vector of user bids(wk
i , i = 1, . . . ,n,k = 1, . . . ,m) such that

Ck
i =

Rk(~xk,~x−k)

U ′
i (xi)

andwk
i = U ′

i (xi)x
k
i

where(~x1, . . . ,~xm) is a set of allocation vectors(~x1, . . . ,~xm) ∈ P1×·· ·×Pm such that for every providerk,

Rk(~xk,~x−k) ≥ Rk(~yk,~x−k), for every~yk ∈ Pk.
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Price anticipating users. Following same arguments as for the case of a single providerin Section 2.2, we have
that for any vector of discrimination weights(Ck

i , i = 1, . . . ,n,k = 1, . . . ,m), the price anticipating users select bids
so that the following relations hold for everyi and everyk,

Ck
i = xk

i +
Rk(~xk,~x−k)

U ′
i (xi)

andwk
i =

Rk(~xk,~x−k)

U ′
i (xi)xk

i +Rk(~xk,~x−k)
U ′

i (xi)x
k
i (22)

whereRk(~xk,~x−k) = ∑i w
k
i is the revenue of providerk given by

n

∑
i=1

U ′
i (x

−k
i +xk

i )x
k
i

U ′
i (x

−k
i +xk

i )x
k
i +Rk(~xk,~x−k)

= 1. (23)

A Nash equilibrium of the game under price anticipating users is a vector of discrimination weights(Ck
i , i =

1, . . . ,n,k = 1, . . . ,m) and a vector of user bids(wk
i , i = 1, . . . ,n,k = 1, . . . ,m) that satisfy (22) for everyi and every

k, where(~x1, . . . ,~xm) is a set of allocation vectors(~x1, . . . ,~xm) ∈ P1×·· ·×Pm such that for every providerk,

Rk(~xk,~x−k) ≥ Rk(~yk,~x−k), for every~yk ∈ Pk.

We first show that there exists a Nash equilibrium for our multi-provider weighted proportional allocation game.

Theorem 4 Assume that for each user i and every a≥ 0, U ′
i (x+a)x is a concave function. Then, there exists a Nash

equilibrium for our multiple-provider weighted proportional allocation game.

Proof. For both price taking users and price anticipating users, a Nash equilibrium is determined by a set of alloca-
tion vectors(~x1, . . . ,~xm) ∈ P1×·· ·×Pm. Consider the conventional best-response function

F : P1×·· ·×Pm → P1×·· ·×Pm

such that(~y1, . . . ,~ym) = F(~x1, . . . ,~xm), where~yk is the allocation vector that maximizes the revenue for provider k,
assuming other providers do not change their allocations. Since the revenue is a solution of a convex optimization
problem (immediate under price taking users; follows by same arguments as for Proposition 1 under price antici-
pating users), this mapping is continuous and thus by the fixed-point theorem [16], there exists an allocation vector
where no providerk can increase his revenue by changing the allocation vector~xk, which is a Nash equilibrium.

We next prove a bound on the efficiency at any equilibrium allocation of the multi-provider weighted proportional
allocation game. In order to preclude some trivial cases, weadmit the following assumption. Each providerk
allocates no resources to any useri for whichU ′

i (xi) = 0, for all~xk ∈ Pk, i.e. in the given casexk
i = 0. This ensures

U ′
i (xi) > 0 wheneverxi > 0. (24)

Theorem 5 Assume that for each user i and every a≥ 0, Ui(a+x) is a non-constantδ-utility. Then,

(i) under price taking users, the efficiency is at least1/(1+ δ);

(ii) under price anticipating users, the efficiency is at least 1/(1+2/
√

3+ δ).

Comments. The result shows that the efficiency of the weighted proportional allocation in the multi-provider
setting is at least 1/(1+δ) and 1/(2.16+δ) under price taking and price anticipating users, respectively. The result
is tight in the sense that forδ = 0 (which holds for linear utility functions), it recovers the same efficiency bounds as
those in Theorem 2, which were showed to be tight. It establishes that for the class ofδ-utility functions, the social
welfare is a constant factor of the maximum social welfare, which depends onδ and is independent of the number
of users and the number of providers.
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Proof. The key idea of the proof is to bound the social welfare by an affine function which allows separating the
maximization over(x1, . . . ,xn)∈ ∑k Pk to maximizations over the setsPk, where∑k Pk := {~z1+ · · ·+~zm : ~zk ∈Pk,k=
1, . . . ,m} is the Minkowski sum of the setsPk.

We first consider the sub-game for providerk, assuming that~x j is fixed, for everyj 6= k. For this sub-game, let
~xk andRk denote a Nash-equilibrium allocation and the revenue for providerk, respectively. Let∑i γk

i x
k
i = 1 be the

hyperplane that separates the setsLk
Rk := {~z∈ Pk : Rk(~z)≥ Rk} andPk and is a tangent to the setLk

Rk. We consider a
new sub-game for providerk where the constraint isQ k = {~x∈ Pk : ∑i γk

i xi ≤ 1} and the utility functions are linear,
i.e. for somevk

i > 0, the utility function isvk
i x, x≥ 0, for every useri. In particular, we take

vk
i = U ′

i (xi)+U ′′
i (xi)x

k
i , for eachi.

We note that the following holds with proof deferred to Appendix 7.6.

Claim 3 vk
i > 0 for every i and k.

From Theorem 2, we have that for any Nash-equilibrium allocation~uk of the new game,

max
~z∈Pk

∑
i

vk
i zi ≤ κ∑

i

vk
i u

k
i

whereκ is equal to 1 and 1+2/
√

3 under price taking and price anticipating users, respectively.
We note the following claim whose proof is deferred to Appendix 7.7.

Claim 4 ∑i v
k
i u

k
i ≤ ∑i U

′
i (xi)xk

i .

It follows that
max
~z∈Pk

∑
i

vk
i zi ≤ κ∑

i

U ′
i (xi)x

k
i . (25)

We next consider the whole system withm providers. Letvi = mink vk
i and defineVi(x) = ai + vix whereai is

chosen so thatVi(x) is a tangent toUi(x). SinceUi(x) is a non-negative concave function, we haveUi(x) ≤Vi(x), for
x≥ 0. Hence

max
~z∈∑k Pk

∑
i

Ui(zi) ≤ max
~z∈∑k Pk

∑
i

Vi(zi) = ∑
i

ai +∑
k

max
~z∈Pk

∑
i

vizi . (26)

We next note the following. First, from the definition ofδ-utilities,

ai ≤ δUi(xi). (27)

Second, by the definition ofvi , vi ≤ vk
i , for everyi, so that

max
~z∈Pk

∑
i

vizi ≤ max
~z∈Pk

∑
i

vk
i zi ≤ κ∑

i
U ′

i (xi)xi
k

where the last inequality is by (25). Therefore,

∑
k

max
~z∈Pk

∑
i

vizi ≤ κ∑
k

∑
i

U ′
i (xi)xi

k = κ∑
i

U ′
i (xi)xi

≤ κ∑
i

Ui(xi) (28)

where the last inequality is becauseUi(x) is a non-negative concave function.
Finally, using (27) and (28) in (26), we have

max
~z∈∑k Pk

∑
i

Ui(zi) ≤ δ∑
i

Ui(xi)+ κ∑
i

Ui(xi) = (δ+ κ)∑
i

Ui(xi)

which establishes the asserted claims.
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6 Discussion and Related Work

Price discrimination by a profit-maximizing monopoly is a well known economic concept (Tirole [34], Varian [36])
and is known that in some cases it can improve social welfare;see, for example, Varian [35] for a necessary condition
for this to happen. An architecture for price discrimination in the Internet networks was proposed by Odlyzko [26],
namely, the Paris-Metro scheme. Under this scheme, the network resources are partitioned over several classes,
each offering an individual price, and resources within a class are shared equally among the competing network
connections. [26] is an architecture proposal, leaving open how to set prices and other implementation aspects. In
the present paper, we consider a mechanism that induces price discrimination.

Shenker et al [32] challenged the marginal cost pricing as a design goal arguing that (i) marginal cost pricing
may be insufficient to recover the costs, (ii) marginal costsmay be inaccessible, and (iii) other goals than optimizing
social welfare may be of interest. Furthermore, they proposed an architecture where a network provider determines
prices at network edges, not by a distributed algorithm run over individual resources of this provider. The marginal
cost pricing underlies the mechanisms that aim at maximizing social welfare; instead, we consider the revenue
maximization.

Proportional allocation has been considered for processorsharing under Generalized Processor Sharing by
Parekh and Gallager [28], and for resource sharing of real-time, time-shared systems by Stoica et al [33]. It also
underlies Kelly’s mechanism [14] for sharing of network resources. The mechanism is used for systems of mul-
tiple infinitely divisible resources of finite capacities byapplying the mechanism at each individual resource, e.g.
[29, 14, 10]. This is in contrast to the weighted proportional allocation mechanism that can be applied to resources
with more general resource constraints (specified by general polyhedrons), hence, allowing for more complex sys-
tems than single processors or single network links.

A large body of literature focuses on the social welfare under the proportional allocation mechanism. Kelly [14]
showed that under price taking users, the proportional allocation yields full efficiency. This was followed by Johari
and Tsitsiklis [10] who showed that under price anticipating users, the worst-case efficiency is 3/4. This was
extended to resources with more general polyhedron constraints by Nguyen and Tardos [24] showing that if for each
user with a given utility function there arek≥ 1 users with identical utility functions and competing for the same set
of resources, then the social welfare is at least 1− 1

4k of the maximum social welfare; fork= 1, this boils down to the
result of [10]. They also considered revenue, which we discuss later in this section. The network resource allocation
game considered in [10, 24] assumes that users submit individual bids to resources that they want to use; for example,
individuals bids are submitted to links of a network connection. This is unlike to Kelly’s mechanism [14] where a
scalar bid is submitted for the set of links of a network connection. The network resource allocation game with users
submitting scalar bids was considered by Hajek and Yang [7],showing that the worst-case efficiency can be made
arbitrarily close to 0, and that a Nash equilibrium may even not exist. A mechanism with users submitting scalar bids
was considered by Johari and Tsitsiklis [11] where users choose desired allocations based on (marginal cost) prices;
under price taking users, it is showed that full efficiency isachieved while under price anticipating users and affine
marginal costs, a tight worst case efficiency is 2/3. Efficiency of scalar-parameterized mechanisms where users are
restricted to one-dimensional strategy spaces was studiedby Johari and Tsitsiklis [12] and Yang and Hajek [39].
In particular, [12] showed that for a class of smooth market-clearing mechanisms where price discrimination is not
allowed, the proportional allocation of Kelly [14] maximizes the worst-case efficiency; if price discrimination is
allowed, then full efficiency can be achieved by an adaptation of Vickery-Clarke-Groves mechanism (e.g. see [8]
for a survey). The maximization of the worst-case efficiencyby Kelly’s mechanism was also found by Maheswaran
and Basar [20] but over a class of mechanisms for which the allocation is proportional to a function of the submitted
bid and the payment is a function of the submitted bid. Finally, Cole, Dodis, and Roughgarden [4] considered a
routing game where the goal is to adjust prices at network links so that a Nash equilibrium allocation maximizes the
social welfare. All the work discussed in this paragraph focuses on the social welfare objective while in our work
we consider the revenue maximization.

We now discuss price competition under revenue-maximizingproviders which was studied under various as-
sumptions. A pricing game of parallel links was considered by Acemoglu and Ozdaglar [1], and Hayrapetyan,
Tardos, and Wexler [9]. In this pricing game, there is a flow demand through a set of parallel links where subsets
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of links are owned by independent providers who set prices selfishly trying to maximize their revenues. The flow is
split across links that offer minimal marginal cost, equal to a sum of the price and a congestion cost. For each link,
the congestion cost is assumed to be a function of the total flow through this link. Both [1] and [9] allow for convex
non-decreasing link cost functions; [1] considers a fixed amount of demand with a constant marginal utility, while [9]
assumes elastic demand specified by a utility functionU(x) such thatU ′(x) is decreasing and concave (more general
than assuming constant marginal utility). [1] finds tight lower bounds on the efficiency equal to 2

√
2−2≈ 0.8284

and 5/6 ≈ 0.8333, respectively, under the assumption that link cost functions are equal to zero at zero flow and
without this assumption; [9] finds that in the two respectivecases, the efficiency is at least 8/25 = 0.3125 and
20/93= 0.2151 and for some utility functionsU(x) such thatU ′(x) is convex, the efficiency can be made arbitrarily
small. The pricing game was extended by Acemoglu and Ozdaglar [2] to a system of parallel-serial links, where each
path consists of one or more links owned by independent providers. Under same assumptions as in [1] and assuming
that the link cost functions are equal to zero at zero flow, they established a tight lower bound on the efficiency equal
to 1/2, for any equilibrium at which all the demand has to be fullfiled and each provider plays a strict best response;
it is, however, showed that if the link cost functions are allowed to be positive at zero flow, the worst-case efficiency
can be arbitrarily small. While we also consider a system of competing providers, these price competition games
differ to our system in several respects. First, we consideran auction mechanism, not a price setting. Second, we
consider systems with multiple strategic users and allow for heterogeneous utility functions. Third, we allow for
price discrimination across individual users. Finally, rather than assuming soft resource constraints specified by a
function of the total flow through a link, we allow each provider to have rather general resource constraints, specified
by polyhedrons.

While most of the previous work focused on social welfare, some also considered the revenue. Shakkottai et
al [31] considered theprice of simplicity, defined as the ratio of the revenues under a simple pricing scheme and a
revenue-maximization pricing; specifically, they considered a flat-rate and a generalized Paris-Metro scheme. Under
assumption that utility functions are identical up to a multiplicative constant, and are non-negative, non-decreasing,
and concave, they showed that the price of simplicity of the flat-rate pricing is near to 1 for some utility functions,
but it can be arbitrarily small for worst-case (truncated linear) utility functions (order 1/ log(n) for large number of
usersn); similar results were established for the generalized Paris-Metro scheme. Furthermore, Maheswaran and
Basar [21] considered the revenue of the class of generalized proportional allocation mechanisms introduced in [20],
showing that for users with identical utility functions, Kelly’s mechanism maximizes the revenue, but there exist
cases with non-identical utility functions, for which Kelly’s mechanism is sub-optimal. Nguyen and Tardos [24]
considered the revenue of the network resource allocation game [10], showing that the revenue is a constant factor of
the maximum revenue for a class of utility functions and assuming that for each user there is a number of users with
identical utility functions and competing for the same set of resources. Our work differs from [31, 21, 24] in that we
consider an auction mechanism applied by providers whose goal is to selfishly maximize their respective revenues,
and we allow for heterogeneous utility functions.

Optimal auction design was considered with respect to social welfare (Vickery-Clark-Grove; see Nisan [25] for
a survey) and revenue (Myerson [23]). This line of work admits a framework of Bayesian games with incomplete
information about users’ valuations; see Hartline and Karlin [8] for a survey. Our work is different in the allocation
mechanism that we consider; in accommodating infinitely divisible resources with general polyhedron constraints;
and admitting the framework of games with complete information.

A large body of work was devoted to mechanism design where thegoal is to design optimal auctions that
are incentive-compatible (i.e. truthful or strategy-proof); for an incentive-compatible mechanism, it is a dominant
strategy for users to report their true valuations. For example, in this context, Fiat et al [6] considered profit-
maximizing auctions for selling multiple indivisible items with cancellations (the seller is allowed to cancel the
auction in case the collected revenue does not meet some a priori criteria). Using a competitive analysis, they
provide a lower bound of 2 for a profit competitive ratio that they consider, along with algorithms with a competitive
ratio of 4. Our work is different from this line of work as we donot impose the incentive-compatibility requirement
and is in this sense closer to that studied in, for example, [14, 10, 24, 7, 11, 11, 39, 4, 1, 9, 20, 21].

Our work relates to auctions for sponsored search (see [18] for a survey), referring to online advertising by
Internet search engines by selling ad slots that appear along side with search results to search keywords, using a
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generalized second price auction (GSP). The ad slots are allocated to a set of top ranked advertisers with respect to
the weighted bids. The weight for an advertiser is the expected click-through-rate for this advertiser; each advertiser
pays a fixed price per click where the price is the lowest valuesufficient to retain the advertiser’s rank. Edelman,
Ostrovsky, and Schwartz [5] showed that GSP is not incentive-compatible and showed an equivalence to a gener-
alized English auction; similar game was also studied by Varian [37]. In a recent work, Varian [38] considered the
auctioneer profit per cost and provided some empirical estimates. The weighted proportional allocation applies to
sponsor search scenarios by interpreting the allocation vector as the click-through-rates over the ad slots.

Finally, market-based approach for resource allocation ofcomputational resources such as web farms or data
centers was considered in prior work. For instance, Liu, Squillante, and Wolf [19] proposed a network flow model
for maximizing the profit of a system of servers under users with diverse service-level agreements. The resources are
partitioned over service classes using generalized processor sharing per each server, and the service-level agreements
are offered per service class. For each service class, the service-level agreement is specified by a quality-of-service
metric derived from the queuing theory (e.g. waiting time distribution). It is assumed that the service provider earns
a fixed revenue per each user request satisfying its service-level agreement; this corresponds to users with linear
utility functions. The flow rate assignments across classesand servers and the service rates per class at each server
are a solution to an optimization problem with separable concave objective function across service classes. The
mechanism that we consider could be applied to data center scenarios.

7 Conclusion

Our results show that the weighted proportional allocationmechanism provides competitive revenue and social
welfare under a competition of selfish users who aim at maximizing their payoffs and selfish providers who aim at
maximizing their revenues. It is a simple mechanism that canbe applied by providers offering resources with rather
general constraints, described by polyhedrons.

An interesting direction for future work is the design of iterative algorithms for weighted proportional allocation;
in particular, exploration-exploitation type of algorithms that do not require a prior information about users’ utility
functions.
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Appendix

7.1 Proof of Proposition 1

A function f (~x) whose values are real or±∞ and whose domain is a subsetS of IRn is convex if and only if its
epigraph set

epi( f ) = {(~x,µ) :~x∈ S ,µ∈ IR, f (~x) ≤ µ}
is convex in IRn+1 [30]. We want to show that−R(~x) is a convex function, hence considerS = IRn

+ andR(~x) ≥ µ,
for µ∈ IR+. Let for eachi, vi(x) := U ′

i (x)x, for x≥ 0. From (5), note thatR(~x) ≥ µ can be written as

∑
i

vi(xi)

vi(xi)+µ
≥ 1⇔ ∑

i

µ
vi(xi)+µ

≤ n−1.

We need to show that

epi(−R) =

{

(~x,µ) :~x∈ IRn
+,µ∈ IR+,∑

i

µ
vi(xi)+µ

≤ n−1

}

is a convex set in IRn+1
+ . This is the same as saying that for any(~y,µy),(~z,µz) ∈ epi(−R), we have(~x,µx) ∈ epi(−R),

for all (~x,µx) = λ(~y,µy)+ (1−λ)(~z,µz), λ ∈ [0,1].
To contradict, suppose(~y,µy),(~z,µz) ∈ epi(−R) and(~x,µx) /∈ epi(−R), for someλ ∈ [0,1]. We then have

∑
i

α
µy

vi(yi)+µy
+(1−α)

µz

vi(zi)+µz
≤ n−1, for all α ∈ [0,1] (29)
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and

∑
i

µx

vi(xi)+µx
> n−1.

Under the assumption of the proposition, for eachi, vi(x) is a concave function, hence, we havevi(xi) ≥ λvi(yi)+
(1−λ)vi(zi). It follows

µx∑
i

1
λvi(yi)+ (1−λ)vi(zi)+µx

> n−1.

Furthermore, by the convexity of the function 1/x, it follows

µx∑
i

λ
1

vi(yi)+µy
+(1−λ)

1
vi(zi)+µz

> n−1.

Let λ = αµy/µx, and rewrite the last inequality as

∑
i

α
µy

vi(yi)+µy
+(1−α)

µz

vi(zi)+µz
> n−1

which contradicts (29), hence showing that(~x,µx) ∈ epi(−R).
The second statement of the proposition that (4) is a convex optimization problem follows immediately as we

showed thatR(~x) is a concave function which under (4) is maximized over a convex setP .

7.2 Proof of Claim 2

The minimum off (y) is achieved at a pointy at which f ′(y) = 0, which is the same as

y4−5y2 +6y−2= 0.

Now, note

y4−5y2 +6y−2 = y4−2y2 +1−3y2+6y−3

= (y2−1)2−3(y−1)2

= (y−1)2[(y+1)2−3].

Hence,
(y−1)2[(y+1)2−3] = 0

which has the following solutions−
√

3−1,
√

3−1, 1. We are only interested in the solutions in[0,1]. Noting that
f (
√

3−1) = 2
√

3−2< 1/2 and f (1) = 1/2, the claim is established.

7.3 Proof of Proposition 2

Following the same steps as in the proof of Theorem 2, we have that the social welfare at the Nash equilibrium is at
least

ky
1−y

+(1−ky)

and the maximum social welfare is at most

1
(1−y)2(ky(1−y)+1−ky)

for some 0≤ y≤ 1/k. It follows that the efficiency is at least

fk(y) = (1−y)

(

2−y
1−ky2 −1

)
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for some 0≤ y≤ 1/k. It remains only to establish

inf
y∈[0,1/k]

fk(y) = 1− 1
2k

+o(1/k).

This follows by noting that for a minimizery, f ′k(y) = 0, which is equivalent to

y4− 5
k

y2 +
2
k

(

2+
1
k

)

y− 2
k2 = 0.

Sincey≤ 1/k, we neglect the termy4 as it is of smaller order than other terms, which amounts to solving a quadratic
equation whose solution in[0,1/k] is given by

y =
1
5

(

2+
1
k
−
√

4− 6
k

+
1
k2

)

.

It readily follows thaty = 1
2k +o(1/k) and plugging intofk(y) yields the asserted claim.

7.4 Proof of Lemma 1

7.4.1 Item i

It suffices to consider truncated linear functions, i.e. forα > 0 andy > 0, U(x) = min{αx,y}, x ≥ 0, as linear
functions are a special case withy = ∞. Clearly, we haveU(b)−U ′(b)b = 0, for anyb≥ 0, henceδ = 0.

7.4.2 Item ii

Consider the tangent toU ′(x) at the pointx = a; see Figure 5. This tangent forms the triangleBDF. Note that the
areaL is less or equal to the area of the triangleBDF. The sideDF of the triangle is of length−2U ′′(a)a. The side
FB of the triangle is of length 2a. Hence, the area of the triangle is equal to−2U ′′(a)a2. Now, note that the area
W is greater or equal to the area of the rectangleACEF. The sides of this rectangle are of length−U ′′(a)a anda.
Hence, the area of the rectangle is−U ′′(a)a2. It follows thatL/W ≤ 2.

a

A B

C
D

E

F L

W
U ′(x)

[U ′(x)x]′

x

Figure 5:U ′(x) concave.

7.4.3 Item iii

We have

U ′(x) =
1

c+x
and[U ′(x)x]′ =

c
(c+x)2 .
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FromU ′(b) = [U ′(a)a]′ we have

U ′(b) =
1

c+b
=

c
(c+a)2

and

b =
(c+x)2

c
−c.

It follows

U(b)−U ′(b)b
U(a)

=
2log

(

c+a
c

)

+
(

c
c+a

)2−1

log
(

c+a
c

)

=
2log(u)−u2 +1

log(u)
= 2− u2−1

log(u)
:= ϕ(u)

whereu = c/(c+a). Since(u2−1)/ log(u) ≥ 0, we haveϕ(u) ≤ 2, for all u∈ [0,1]. This bound is tight; achieved
atu = 0.

7.4.4 Item iv

We have

U(x) = (c+x)α (30)

U ′(x) = α(c+x)α−1 (31)

[U ′(x)x]′ = α(c+x)α−1
[

1− (1−α)
x

c+x

]

. (32)

It follows

U(b)−U ′(b)b
U(a)

= (1−α)

[

1− (1−α)
a

c+a

]− α
1−α

+ α
c

c+a

[

1− (1−α)
a

c+a

]

. (33)

Remark Note that forc = 0, we have

U(b)−U ′(b)b
U(a)

= (1−α)α− α
1−α

which is independent ofa≥ 0.

Let us consider the right-hand side with the following change of variablesu = a/(c+a),

fα(u) := (1−α) [1− (1−α)u]−
α

1−α + α(1−u) [1− (1−α)u] .

It is not difficult to note thatf ′α(u) is non-decreasing on[0,1], hencefα(u) is a convex function on[0,1]. It follows
that the functionfα(u) over u ∈ [0,1] achieves maximum at eitheru = 0 or u = 1, with values fα(0) = 1 and
fα(1) = (1−α)α− α

1−α . We claim

max
u∈[0,1]

fα(u) =

{

(1−α)α− α
1−α 0≤ α ≤ 1

2
1 1

2 < α < 1.

Indeed, fα(0) ≤ fα(1) if and only if αα ≤ (1−α)1−α. The functionxx is non-decreasing, thus the last inequality
holds if and only ifα ≤ 1−α, i.e. α ≤ 1/2. The claim follows.

Claim 5 (1−α)α− α
1−α ≤ e

2, for all α ∈ [0,1].
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Figure 6: The function(1−α)α− α

1−α versusα.

Remark The result establishes a uniform bound that holds for any 0≤ α < 1, equal toe/2 ≈ 1.359. This bound
is not tight and can be improved, albeit slightly. Figure 6 shows the function(1−α)α− α

1−α . Finding the maximum
value numerically, we obtain the value 1.196.

Proof. Indeed, the functionf (α) := (1−α)α− α
1−α achieves the maximum value at the same points as the function

g(u) = log f (α). We have

g(α) = log(1−α)− α
1−α

log(α).

It is straightforward to obtain

g′(α) =
1

1−α

[

2+
1

1−α
log(α)

]

.

At a pointα∗ at whichg(α) is maximum, we haveg′(α∗) = 0, which is equivalent to

α∗ = e−2(1−α∗).

It follows
f (α∗) = (1−α∗)e2α∗

= (1−α∗)e−2(1−α∗)e2 ≤ e2 max
x∈[0,1]

xe−2x =
e
2
.

7.4.5 Item v

We have, forα ≥ 0,

U ′(x) =

(

w
c+x

)α
.

It is not difficult to check that the functionU ′(x)x is a concave function only if 0≤ α≤ 1. Therefore, in the following
we considerα ∈ [0,1].

Case 1: α ∈ [0,1). By straightforward calculus, we have

U(b)−U ′(b)b
U(a)

= α
[

1−α
a

c+a

]− 1−α
α

+(1−α)
c

c+a

[

1−α
a

c+a

]

.

Note that this is the same as (33) in Section 7.4.4, butα replaced with 1−α, hence the results in Section 7.4.4 apply
by replacingα with 1−α. We obtain thatδ = 1 for 0≤ α ≤ 1

2, andδ = α(1−α)−
1−α

α , for 1
2 < α < 1. From Claim 5,

we can takeδ = e/2 for 1
2 < α < 1.
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Case 2: α = 1. Consider the casec = 0. Note thatU ′(b) = [U ′(a)a]′ is equivalent to

w
b

= 0.

Thus,b = ∞, from which it follows

U(b)−U ′(b)b
U(a)

=
log(b)−1

log(a)
= ∞, for any finitea > 0.

This shows thatδ = ∞, and hence forα = 1,U(x) is not aδ-utility.

7.4.6 Item vi

We have

U ′(x) =
α2

α2 +x2 and[U ′(x)x]′ = α2 α2−x2

(α2 +x2)2 .

Note that[U ′(x)x]′ ≥ 0 if and only if x≤ α, and[U ′(x)x]′ is non-increasing in[0,α], hence, condition (i) of Defini-
tion 1 is verified withx0 = α.

FromU ′(b) = [U ′(a)a]′ it follows

U ′(b) = α2 α2−a2

(α2 +a2)2 andb = a

√

3α2 +a2

α2−a2 .

We need to show that

ϕα(a) :=
U(b(a))−U ′(b(a))b(a)

U(a)
≤ 2, for all a∈ [0,α]

where

ϕα(a) =
α ·arctan

(

a
α

√

3α2+a2

α2−a2

)

−aα2
√

(α2−a2)(3α2+a2)

(α2+a2)2

α ·arctan
(

a
α
) .

Note thatϕα(a) = ϕ1(a/α), hence it suffices to considerϕ1(a) over [0,1].
Conditionϕ1(a) ≤ 2, for a∈ [0,1], can be rewritten as

arctan



a

√

3+a2

1−a2



−2arctan(a) ≤ a

√

(1−a2)(3+a2)

(1+a2)2 , a∈ [0,1].

Clearly, the right-hand side is greater or equal to zero for all a∈ [0,1]. The claim follows by noting that the left-hand
side is less than equal to zero for alla∈ [0,1]. To see this, note

g(a) := arctan



a

√

3+a2

1−a2



−2arctan(a)

= arctan



a

√

3+a2

1−a2



−arctan

(

2a
1−a2

)

where equality follows from the elementary identity arctan(x) = 2arctan
(

x
1+

√
1+x2

)

. Hence,g(a) ≤ 0 if and only if

a

√

3+a2

1−a2 ≥ 2a
1−a2

but this can be rewritten as(1−a2)2 ≥ 0, hence the proof. It can be easily checked that the equalityin ϕ1(a) ≤ 2 is
achieved fora = 1, henceδ = 2 is tight.
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7.5 Proof of Lemma 2

Items i and ii are straightforward to show. In the following,we show item iii.
Let h = f +g. Givena≥ 0, letb≥ 0 be such that

[h′(a)a]′ = h′(b). (34)

We need to show that
h(b)−h′(b)b≤ δh(a)

which corresponds to
f (b)− f ′(b)b+g(b)−g′(b)b≤ δ( f (a)+g(a)). (35)

Let b1 andb2 be such that

[ f ′(a)a]′ = f ′(b1) (36)

[g′(a)a]′ = g′(b2) (37)

and, without loss of generality, assumeb1 ≤ b2.
Since f andg areδ-utilities, the following two relations hold

f (b1)− f ′(b1)b1 ≤ δ f (a)

g(b2)−g′(b2)b2 ≤ δg(a).

Hence,
f (b1)− f ′(b1)b1 +g(b2)−g′(b2)b2 ≤ δ( f (a)+g(a)). (38)

In view of (35) and (38), it suffices to show that

f (b)− f ′(b)b+g(b)−g′(b)b≤ f (b1)− f ′(b1)b1 +g(b2)−g′(b2)b2. (39)

Note that[h′(a)a]′ = [ f ′(a)a]′ +[g′(a)a]′. Combining with (34), (36), and (37), we observe

f ′(b1)+g′(b2) = f ′(b)+g′(b).

Using this identity it is not difficult to conclude thatb1 ≤ b≤ b2 and that we can rewrite (39) as

f (b)− f ′(b1)b+g(b)−g′(b2)b≤ f (b1)− f ′(b1)b1 +g(b2)−g′(b2)b2.

The latter inequality indeed holds if the following two inequalities hold

f (b)− f (b1) ≤ f ′(b1)(b−b1)

g(b2)−g(b) ≥ g′(b2)(b2−b)

but the latter two inequalities are indeed true asb1 ≤ b≤ b2 and bothf andg are concave functions.

7.6 Proof of Claim 3

Taking partial derivative with respect toxk
j on both sides of the equation (23), it is not difficult to establish that

U ′
j(x j)+U ′′

j (x j)xk
j

(U ′
j(x j)xk

j +Rk)2
=

∂
∂xk

j
Rk

Rk ∑
i

U ′
i (xi)xk

i

(U ′
i (xi)xk

i +Rk)2
. (40)

For an allocation~xk that maximizesRk subject to the constraint∑i γk
i x

k
i = 1, we have eitherxk

i = 0 or(∂/∂xk
i )R

k =
γk

i λ, for λ > 0. Therefore, eitherxk
i = 0 or

U ′
i (xi)+U ′′

i (xi)xk
i

(U ′
i (xi)xk

i +Rk)2
= γk

i λ > 0. (41)

From this, if xk
i > 0, we havevk

i > 0. Otherwise, ifxk
i = 0, thenvk

i = U ′
i (xi). From this and (24), it follows

that vk
i > 0 wheneverxi > 0. If xi = 0, thenvk

i = U ′
i (0) > 0 where the inequality holds asUi(x) is a non-constant,

non-decreasing, and concave function.
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7.7 Proof of Claim 4

From (41) and∑i γk
i x

k
i = 1, note

∑
i

U ′
i (xi)+U ′′

i (xi)xk
i

(U ′
i (xi)xk

i +Rk)2
xk

i =

(

∑
i

γk
i x

k
i

)

λ = λ.

Hence, (41) can be written as

U ′
i (xi)+U ′′

i (xi)xk
i

(U ′
i (xi)xk

i +Rk)2
= γk

i ∑
j

U ′
j(x j)+U ′′

j (x j)xk
j

(U ′
j(x j)xk

j +Rk)2
xk

j . (42)

Now, let us use the following change of variables

yi =
U ′

i (xi)xk
i

U ′
i (xi)xk

i +Rk
x

andỹi =
vk

i u
k
i

vk
i u

k
i +Rk

u

whereRk
x andRk

u are the respective revenues for the game with original utility functions and the game with linear
utility functions.

For the two games, the condition (23), respectively, corresponds to

∑
i

yi = 1 (43)

∑
i

ỹi = 1. (44)

Furthermore, the condition in (42) reads as

vk
i

(U ′
i (xi)xk

i +Rk
x)

2
= γk

i ∑
j

vk
jx

k
j

(U ′
j(x j)xk

j +Rk
x)

2

vk
i

(vk
i u

k
i +Rk

u)
2

= γk
i ∑

j

vk
ju

k
j

(vk
ju

k
j +Rk

u)
2

which with our change of variables correspond to

(1−yi)
2vk

i = γk
i R

k
x∑

j

vk
j

U ′
j(x j)

y j(1−y j) (45)

(1− ỹi)
2vk

i = γk
i R

k
u∑

j

ỹ j(1− ỹ j). (46)

From the last two equations, we have

(1−yi)
√

Rk
u∑

j

ỹ j(1− ỹ j) = (1− ỹi)

√

√

√

√Rk
x∑

j

vk
j

U ′
j(x j)

y j(1−y j).

Summing overi and making use of (43) and (44), it follows that

Rk
u∑

j

ỹ j(1− ỹ j) = Rk
x∑

j

vk
j

U ′
j(x j)

y j(1−y j). (47)

Combining with (45)-(46), we have
yi = ỹi , for everyi. (48)
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The assertion of the claim, with our change of variables, reads as

Rk
u∑

j

ỹ j

1− ỹ j
≤ Rk

x∑
j

y j

1−y j

In view of (48), this is the same as
Rk

u ≤ Rk
x

but this indeed follows from (47) asyi(1−yi) = ỹi(1− ỹi) ≥ 0 andvk
i ≤U ′

i (xi) for everyi.
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