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Abstract—-We consider a simple mechanism for allocation of resourcassers that allows for discrimination
of users by a revenue-maximizing provider. The mechanisaniatural extension of the well known proportional
allocation by allocating proportional to weighted bids.eTthechanism can be applied by providers whose resource
constraints are described by general polyhedrons, whimhv&for complex resources such as, for example, networks
of processors or links, data centers, and sponsored search.

We study a competitive system where users strategicallpsghtheir individual bids trying to maximize their
payoffs and the provider aims at maximizing the revenue. Wsicer the revenue earned by the provider and the
social welfare. Specifically, we find that the revenue undi&epanticipating users is lower bounded ly(k + 1)
times the revenue under standard third-degree price wisttion with a set ok users excluded. Under price
anticipating users with linear utility functions, we fincatrthe social welfare is at leasf (1L 4 2//3) - 100~ 46%
of the maximum social welfare, and this bound is tight. Weeedtthis result to a broad class of utility functions,
which accomodates many utility functions found in literatuand to an oligopoly of multiple competing providers.

Our results indicate that the weighted proportional aliorasimultaneously achieves competitive revenue and
social welfare, under selfish users and selfish providers.

1 Introduction

Proportional allocation has been considered widely as éhamesm for allocation of resources; for example, for
allocation of computer processors under Generalized Bsoc&haring (Parekh and Gallager [28, 29]) or allocation
of network links (Kelly [14]). The mechanism is typically gled for sharing of an infinitely divisible resource of
a finite capacity by a set of users. Specifically, for an irdlgitivisible resource of a positive capac@y and a set

of n users, each associated with a positive weighthe allocationx; to useri is setproportional the weightw; as
follows

X = —

2 W
The mechanism is extended to systems of multiple individaaburces by applying the proportional allocation
mechanism per each individual resource.

The resource allocation under the proportional allocatiethanism can be interpreted as an auction where
wy,...,Wy are bids of individual users. A large body of literature feed on thesocial welfareof the proportional
allocation under strategic user bidding, and to this endsicened (worst-caseafficiency defined as ratio of the
social welfare at an equilibrium allocation and the maximsoeial welfare over the set of feasible allocations.
Kelly [14] showed that for price taking users (i.e. users whbmit their bids to maximize their individual payoffs
assuming the price per unit resource is fixed), the systenilysdfficient. In turn, Johari and Tsitsiklis [10] showed
that efficiency is at least/@ under price anticipating users, who select their bids taimize their payoffs by
accounting more fully for how the allocation depends on titensitted bids.

Proportional allocation mechanism is simple — bids aredimeensional; the mechanism is amenable to a decen-
tralized implementation through setting of the prices tagimal costs at individual resources and communicating
to users the total price over their individually consumesbrgces; the mechanism is easy to understand by users.

We are interested in a mechanism that maximizes the revaraedtby the provider, equal to the sum of the
submitted bids. The revenue maximization is an alternatibjective to social welfare, well aligned with interests of
a selfish provider. Ideally, one would hope for an allocatimachanism that simultaneously guarantees both large
revenue and large social welfare. We would like that the rmaeim equally applies to simple resources such as
single processors or single network links as well as to moreptex systems such as networks of processors or
networks of communication links.

The Mechanism. We consider the following mechanism — we call weighted prtypoal allocation. For a
resource with constraints specified by a polyhedfon IR"} (IR := [0,)), the allocation to uséris given by
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wherew = (Wi, ..., W) andC = (Cy,...,Cy) are user's bids and discrimination weights such#hai(xy, ..., x,) € P.
The payment by a useris the bidw;. Notice that the allocatiom; to useri is proportional to the product of the
discrimination weighC; and the bidw;, and is in this sense a weighted proportional allocation.

The weighted proportional allocation mechanism allowsdeneral resource constraints specified by polyhe-
drons. In particular, this accommodates infinitely divisitesources of finite capacities By= {X € IR"} : 3;x <C},
for C > 0; in this case, assuming full utilitization, we haxe= z‘j"’\;\,?'cjc. The proportional allocation is a special
case with the discrimination weights set to a common value.

Furthermore, note that the weighted proportional all@rathechanism allows for price discrimination. Indeed,
for a useri, the price per unit resource % = (3 ;w;)/C; which may differ from one user to another due to the
discrimination weights. The mechanism can be viewed as etioauthat allows for price discrimination. Another
interpretation is to regard the discrimination weights. ..,C, as maximum allocations offered by the provider
to users from which actual allocations then derive as pastiof the maximum allocations proportional to users’
bids. The weighted proportional allocation mechanismada seen as an akin to generalized second price auction
used in sponsored search [5, 37, 38, 18] for the followingoea. Therein, the advertisers (users) are ranked in
decreasing order of the product of the bid and the clickttherate (weight) associated to individual advertisers.
Hence, the users are discriminated in a similar manner &sowitweighted proportional allocation; in both settings,
the purpose of the discrimination weights is the same — e maximization.

Applications. The weighted proportional allocation mechanism could leel@s a simple mechanism for service
provisioning by providers; we indicate a few examples infiilwing. First, it could be used for allocation of data
center resources to users; for example, for scheduling tf-tagk jobs to machines in the context of data intensive
computations. Typically, data centers are complex systeamsisting of many clusters of machines, and users have
diverse processing and storage requirements. Secondjld be used for provisioning of network connectivity
by network providers. In both two latter cases, detailedrml structure of the system would be known only by
the provider, and only a simple interface would be availablasers; some users may require more resources than
others; the allocation mechanism would need to accounhiediversity of requirements keeping a simple interface
to users. Finally, it could be used in sponsored search focation of ad slots to advertisers. In this context, we
interpret the allocation vector as click-through-rategrathe ad slots, associated to particular assignment of ads
to ad slots. The goal of the provider is to assign ad slots tet afsadvertisers that maximizes the revenue over
a convex closure of the observed allocation vectors; naiettlis approach accounts for externalities where the
click-through-rate for a specific ad depends on the adsalisgl along with this ad.

Summary of our Results.We consider the weighted proportional allocation in a catitipe setting where both
users and providers aim at selfishly optimizing their respe@ayoffs. The payoff of a user is the surplus, defined
as the utility of a given allocation minus the payment. Thggfof the provider is the revenue, equal to the sum
of the payments received from the users. We consider a veglghrioportional allocation game where a provider
announces the discrimination weights and then users gitatly choose their bids. The provider anticipates the
response from the users and choose the discrimination tgeigling to maximize the revenue. We consider both
price taking and price anticipating users, which are defmede precisely in Section 2.

We are interested in both the revenue and the social welfaderuhe weighted proportional allocation game.
We consider both a monopoly scenario with a single provideran oligopoly scenario with multiple providers. In
the oligopoly scenario, each user can receive an alloction any provider and is concerned only with the total
allocation received across all the providers. Note thatatpriori rather unclear how efficient would be the weighted
proportional allocation with respect to the revenue andstheal welfare as both users and providers are selfish in
optimizing their own objectives.

To the best of our knowledge, this paper would be a first attéongonsider the weighted proportional allocation
for general polyhedron resource constraints. Our gameré¢tie analysis provides insights into the revenue and the
social welfare under the weighted proportional allocgtama by-product, the analysis also tells about the standard
proportional allocation in case of a strategic (revenuaimizing) provider who may strategically misreport the
capacity parameters that appear in the user payoff furgtion

As standard, the revenue maximization requires from theigeo to posses some information about utilities of
individual users. In practice, this information would badgy available by providers whose service is repetitively




used by users. In an implementation, the revenue maxiraizabuld be solved by an online optimization. In this
paper, we consider the equilibrium points of the weightexpprtional allocation game under complete information,
i.e. providers have complete information about user’stigtd.

Our results can be summarized in the following points:

e We find that under price anticipating users, the revenue @fwhighted proportional allocation is at least
k/(k+ 1) times the revenue under standard third-degree pricehtlis@ation with a set ok users excluded.
The third-degree price-discrimination is revenue-edaiveto the weighted proportional allocation under price
taking users. This revenue comparison result implies thabany cases with sufficiently large number of
users, the revenue under the weighted proportional al@catould be near optimal.

e We show that for linear user utility functions, the sociallfaee is equal to the maximum social welfare
under price taking users, and is at leastll+ 2/1/3) ~ 0.464 times the maximum social welfare under price
anticipating users; moreover, the latter bound is tights Télls us, somewhat surprisingly, that the weighted
proportional allocation guarantees the social welfareithat least 46% of the maximum social welfare, even
though the provider acts selfishly by maximizing the reveand users act selfishly by maximizing their
payoffs. This result is of independent interest as linedityufunctions are rather commonly considered in
literature as they well apply in some applications in petiFurthermore, the result is used to generalize the
efficiency lower bounds to a more general class of utilityclions and multiple providers.

e We introduce a class of utility functions, we c&Hutility functions © > 0), and show that this class of utility
functions accommodates many families of utility functidosnd in literature. For example, a linear or trun-
cated linear utility function belongs to this class as wellay1+x), some polynomials and some families of
utility functions commonly considered in the network reseuallocation. We also show that a utility function
from this class remains in the class by scaling with any pasitonstants and that sums of utility functions
from this class remain in the class.

e We show that if the utility functions ar&-utility functions, then under price taking users the sbaialfare
is at least ¥(1+ ) times the maximum social welfare and under price antiangatisers it is at least/11+
2/+/3+ &) times the maximum social welfare. Note that this result ial@shed for an oligopoly of multiple
competing providers. Hence, we establish that for the adéssutility functions, the social welfare is a
constant factor of the maximum social welfare, even if, iditidn, multiple providers compete in service
provisioning to users.

Outline of the paper. In Section 2, we introduce the notation and assumptionstid®e8 provides the revenue
comparison result (Theorem 1). In Section 4 we present auiiteeon the social welfare for a monopoly of a single
provider. We first present the result on the worst-case effay under linear utility functions (Theorem 2). We then
define the class o¥-utility functions in Section 4.2. This is followed by a rdtsan the worst-case efficiency for
o-utility functions (Theorem 3). Section 4.2.1 shows thaingnémilies of utility functions aréd-utility functions
(Lemma 1 and Lemma 2), and finally, relates the clasdwiility functions to the standard notion of the elasticity
of demand. In Section 5, we consider an oligopoly of multipbenpeting providers and establish our worst-case
efficiency bound fol-utility functions (Theorem 5). We discuss the related wiorksection 6. Finally, we conclude

in Section 7. Some of the proofs are presented in Appendix.

2 Notation and Assumptions

We consider a system of users competing for the resources of a single provider; wednoce the setting with
multiple providers later in Section 5. L&t be the allocation to useérand letX = (x1,...,X,) denote the allocation
vector. Suppose thél; () is the utility of the allocatiorx; to useri. The allocation vectoX is feasible only ifX € P
where? is a setinR. We assume thag is a polyhedron, i.e? = {X € IR} : AX< b} for some matrixA and vector

b. Note that this allows for rather general resource congsafor example, for any practical purposes, any convex



set can well be approximated by a polyhedron. The special@@an infinitely divisible resource of a finite capacity
C is accommodated b = {X € IR" : S ;x <C}. The general polyhedron constraints accommodate complex
resources such as networks of processor or networks of comation links.

The weighted proportional allocation game is defined asfdl The provider announces a set of discrimination
weightsC = (Cy,...,Cy) that are common knowledge, then users submit ids (W, --- ,wy). The allocation to
each useris given by w

|
2j Wi

We assume that each usehooses a bidy; that maximizes the surplug (x;) —w;, respectively, under the price
taking assumption (Section 2.1) and under the price aaticigp assumption (Section 2.2). The provider anticipates
the response by users and selects the discrimination vedigttat maximize the revenuR = > jwj such that the
corresponding allocation vectgiis feasible, i.eX € P.

X Gi. (1)

2.1 Price Taking Users

Given a discrimination weigh€; and the sum of the bid§ ;wj, the price per unit resource for users p; =
(¥jwj)/Ci. Useri chooses a bigk; that maximizes his surplus, taking the prigeas fixed, i.e. solves

Wi

USER: maximizeJ; < ) —w; overw; > 0.
It follows thatU/ (x;) = pi for each user, and hence the revenue is equaR(®) = ;U/(x)x. The provider solves

the following problem
PROVIDER: maximize’y U/(x)x over Xe P. (2)
|

A Nash equilibrium of the game under price taking users iscaoreof discrimination weight€ and a vector of
user bidsw such that for every user
R(X)

= Ui (%)

andw; = U/ (x)x
whereX € P is a solution to (2).

Remark Indeed, if for each, U/(x)x is a concave function, then (2) is a maximization of a condametion over a
convex set, hence a convex optimization problem.

Note that (2) is the same optimization problem as under aranthird-degree price discrimination by a profit-
maximizing monopoly [34, 36].

Remark The weighted proportional allocation under price takingrags revenue-equivalent to third-degree price
discrimination.

2.2 Price Anticipating Users

Given a discrimination weightj and the sum of the bid§; wj, each user selects a bidy; that maximizes his
surplus, i.e. solves

Wi
2 j4 Wj + Wi
The provider anticipates selection of the bids by users sahas the following problem

USER: maximizeJ; < Ci> —w; overw; > 0. 3)

PROVIDER: maximizeR(X) overxXe P 4)

whereR(X) is given by
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Z U/( X. + R (X) ®)
To see this, it suffices to show that for any given discrimoratveightsC, the revenue is given by (5). Note that
the objective function in (3) is concave w, hence, at an optimum solution eithgr= 0 or the derivative of the
objective function is zero. Setting the derivative to zereduivalent to:

/ iAW
U/ (%) (zjj#wj)JZCi —1=0, forx > 0.
It follows ) X
Ul = 2N R 6)

G Z#in o Ci(R—Wi)
where recall the revenue is equal to the sum of the paymenitsdbgdual users, i.eR= 3 ;w;. Combining with
w; = X R/C; that follows from (1), we have

R
!/
U; (%) C %' (7
From (7), we obtain
X U (x)x
G U(x)x+R
Finally, combining withy; x; /C; = 1 which follows from (1), we obtain (5). Note that all the fantas above are
applied for the casg > 0 only; nevertheless, ¥ = 0, we havaJ/(x)x = 0, and therefore, the equation (5) holds
for any optimum allocation vectot.
A Nash equilibrium of the game under price anticipating sdsra vector of discrimination weigh and a

vector of user bidsv such that for every usey

R(%)

C=x+
I Ui'(%)

andw; =

whereX € P is a solution to (4).
We note the following proposition whose proof is deferred\fpendix 7.1.

Proposition 1 Suppose that for each i,/(k)x is a concave function, then(® is a concave function. Therefore,
the provider problem (4) is a maximization of a concave fiomcover a convex set, hence a convex optimization
problem.

Finally, we conclude this section with the following obs&iens: (i) ifU/(x)x are not assumed to be concave,
then (4) may have locally optimal solutions; (ii) if thereasly one competlng user, the revenue is 0; and (iii) for
n = 2, the revenue can be expressed in the following explicibfér(X) = 2\/U X1)X1U5(X2)%o.

3 Revenue

In this section, we compare the revenue of the weighted ptiopal allocation under price anticipating users with
that of standard third-degree price discrimination [34, B&call that third-degree price discrimination is revenu
equivalent to weighted proportional allocation under @tiaking users.

Remark The optimum revenue of the weighted proportional allocatinder price anticipating users is smaller then
the optimum revenue of the weighted proportional allocatiader price taking users.



The claims follows by noting from (5) that

R(X) < zui’(xi)xi, forallXe P.
|

For example, consider a systemrofisers, competing for a resource with the constrging < C, for someC > 0.
Suppose that users have a common utility functiqx) such that)’(x)x is concave. Then, the optimum revenue
under price taking users iBmaxoc/n U’ (X)x while the optimum revenue under price anticipating usessnaller,
equal to(n— 1) maxcoc/m U’ (X)x.

In the following, we provide a general revenue comparissulte LetR’ , be the smallest optimum revenue
under price taking users by excluding a sekofsers. More formally,

= min max$ U’
Ro-k Sc{1,...,n}: |S=n—k XeP gS ()%

Theorem 1 Suppose that for each i,/(X)x is a concave function. Let R be the optimum revenue of vesight

proportional allocation mechanism under price anticipafiusers, and let R, be the smallest optimal revenue
under price taking users by excluding a set of k users. Tloerd, £ k < n,

—k+1R” ke

Comments The result implies that the revenue under price antigigatisers is at least a factoy2 of the
optimum revenue achieved under price taking users by exgjualuser whose exclusion decreases the revenue the
most. For systems with large number of users, in many casesevenue would be near optimal.

Proof. From (5), it is straightforward to derive that
ZU $)X — maxU (X)X <R(X <ZU i)X, forallX e P.

Suppose that for each< k < n, there existX € P such that both of the following two conditions hold

() iU/ ()% >Ry
(i) Up(xa)xa = =Up g (K 1)Xer1 > - > Ui (%) %n

where, without loss of generality, the users are enumesated thatJ; (x1)x; > - > U} (Xn)%n.
Under conditions i and ii, we have

>ZU )X — maxU (Xj)x k—lz k+1R:F‘*k

which is what we need to prove.

We show that conditions i and ii hold by induction oderBase stepk = 0. In this case, condition i holds for
X that is a solution to the provider problem under price takisgrs and condition ii is trivially true as there always
exists aj such thal;(x;)x; > U{(x) for eachi. Induction step suppose that there exists a vecXaz © such that
both condition i and condltlon ii hold fdt. We then show that there exists a vecter P such that conditions i and
i hold for k+ 1.

Let X be an allocation vector for which conditions i and ii hold forNote thatR; > R, ., as allowing
to exclude a larger set of users cannot increase the smafiestum revenue under price taking users. Combining
with the induction hypothesis that condition i holds kpwe obtainy; U/ (x)x > R (k11)" i.e. condition i holds for
k+ 1. It remains to show that condition ii holds fler- 1.

In the following, without loss of generality, we assume thaérs are enumerated such thigtx; )x; > --- >
U/, (%n)%n. Lety € P be an optimum solution of the provider problem under prigengusers under the constraint
y1=...=Ykr1 =0, i.e. withusers 22,... k+ 1 excluded. Note thay; U/ (yi )y > R (i)

6



Now, let us consider the vectdr defined by

V= (1-1) (Ur(xa)xa, -, Up(n)%n) +t- (U1 (y1)Y1, - -, Up(¥n)¥n), fort e [0,1].

Note that ag increases from 0, thk+ 1 largest coordinates &f decrease while all the other coordinates either
increase or do not change. Thus, there exists [0,1] such that the largest+ 2 coordinates of# are equal.
Furthermore, ag; U/ (%)% > Ry, 1) and3; U/ (yi)yi > R, _ 1), we have thag; v> RY (1)~ Finally, since for
eachi, U/(x)x is concave, there exists a vectt P such thatU](z)z,...,U}(z,)z,) = % . We showed that the
vectorZ satisfies conditions i and ii fde+ 1 which completes the proof. [

4 Social Welfare

We consider social welfare under the weighted proporti@fiakcation game. For an allocation vecte P, the
social welfare iy ; Uj(x;). The worst-case efficiency is€ [0, 1], if for any equilibrium allocatiorx of the weighted
proportional allocation game, the following holds

S Ui(X) 20 3 Ui(y), for everyy € 2,

i.e. the social welfare at any equilibrium of the game is astéhe facton of the maximum social welfare. This
is a standard (worst-case) measure of efficiency, populaférred to as therice of anarchy(Papadimitriou [27]),
and considered by many under various assumptions (e.q241d, 4, 9, 39, 12, 11, 1, 2]). Note that in the weighted
proportional allocation game, any efficiency loss is a tteshithe selfish interests of users aiming at maximizing
their payoffs, and the selfish interest of the provider agrahmaximizing the revenue.

We first establish a tight efficiency bound for the case ofdingility functions in Section 4.1. We then introduce
a broad class of utility functions (we catutility) in Section 4.2 and provide an efficiency bound fhistclass of
utility functions. Finally, in Section 4.2.1, we show thaany utility functions considered in literature ayautility
functions.

4.1 Efficiency for Linear Utility Functions

We consider the worst-case efficiency for linear utility dtians. The following result provides tight bounds on the
worst-case efficiency under price taking and price antigigausers. The result is of independent interest as linear
utility functions are rather commonly assumed in varioustexts, e.g. sponsored search [5, 37, 38, 19]. We use this
result in deriving efficiency bounds for a more general ctafsstility functions, for a single provider (Theorem 3)
and multiple providers (Theorem 5).

Theorem 2 Assume that for each i, the utility function(¥) is strictly increasing and linear, i.e. for somex 0,
Ui(x) = vix, for x> 0. Then,

(i) under price taking users, the efficiencylis

(ii) under price anticipating users, the worst-case efficigis1/(1+2/+/3). Moreover, this bound is tight.

Proof is presented in Section 4.1.1.

Comments. The result establishes that under price anticipating uteefficiency is at least/11+2/+/3), which

is approximately 4811%. Furthermore, for eveig/> 0, there exist cases for which the efficiency is less or equal t
1/(1+2/+/3) +&. In comparison to the network resource allocation gameidered by Johari and Tsitsiklis [10],
the worst-case efficiency for the weighted proportionadadtion game is lower. Indeed, [10] established the worst-
case efficiency of B4-100= 75% under even more general user utility functions wheresusebmit individual
bids to resources applying the proportional allocation maaism. In the setting of [10], the efficiency loss is

7
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Figure 1: Worst-case efficiency versus the number of users

due to strategic user bidding while in our case it is due twaiois: (i) strategic user bidding and (ii) revenue
maximization by the provider; and this results in lower viarase efficiency. The result stands in stark contrast to
that of Yang and Hajek [7] who found that for the proportioalibcation mechanism and users submitting scalar
bids, the worst-case efficiency is 0 (their example is fagdinutility functions). The theorem tells us that even under
a revenue-maximizing provider, the social welfare is asi@aconstant factor of the maximum social welfare, where
this constant is equal to one, under price taking users, ligtitlg smaller than one half, under price anticipating
users. Hence, the weighted proportional allocation mashanields a competitive social welfare, under selfish
users who aim at maximizing their payoffs and a selfish pevighose goal is to maximize his revenue. We will
see later that this qualitative property holds also underengeneral utility functions, for a monopoly of single
provider (Theorem 3) and an oligopoly of multiple providéfeieorem 5).

Remark In the proof of the theorem in Section 4.1.1, it is showed thatworst-case efficiency is achieved asymp-
totically as the number of userstends to infinity, where there is a unique user with largestgmal utility v;
(say this is user 1) and all other users have identical malrgitilities equal to(2 — v/3)?v; ~ 0.0718/;. The Nash
equilibrium allocation iIX= (x1,Xo,...,X2) where

X1 = 1—%4—0(1)

11
X2 = —=—=+0(1/n).
2 = mprolim)
Hence, in the limit of many users, the user with the largesgmal utility is allocated 426% of the resource and
the rest is equally shared by the remaining users.

Remark Since the tightness of the worst-case efficiency is showeddeasumber of usens goes to infinity (Sec-
tion 4.1.1), one may legitimately ask how fast the worsecefficiency converges to the limit with the number of
usersn. From Section 4.1.1, it is not difficult to note that the werase efficiency ix; + (1—x1)§—§ wherev,/vq
andx; are given by (17) and (18), respectively. We present thetwase efficiency versusin Figure 1; note that
the worst-case efficiency is approximately 56% for two usebit gets near to the asymptotg1+2/+/3) already
for tens of users. In fact, one can show that

worst-case efficiency=

2

(1 2(2—/3) 1
RE

+ Tﬁ) +0(1/n).

Finally, we show that the larger the competitiveness ambegusers, the larger the efficiency. This is made
precise in the following proposition whose proof is defdrte Appendix 7.3.

8
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Figure 2: Worst-case efficiency verskisThe solid line is the asymptote—lzik +0(1/K).

Proposition 2 Assume the same setting as in Theorem 2 but in addition, asgum--- = vk > V.1 > V. Then,
under price anticipating users, the efficiency is at lest 4, + o(1/k).

Remark In Figure 2, we show numerical results for the worst-caseieffcy under the assumption that at ldast
users have largest marginal utilities, along with the adgbepin Proposition 2; note that the efficiency is almost
75% fork = 2, larger than 80% fok = 3, and almost 90% fok = 5; the asymptote of the proposition is a good
approximation for everk > 2.

4.1.1 Proof of Theorem 2

Item i easily follows as under linear utility functions)/(x)x = U;(x), for x > 0, for everyi, hence, the revenue
maximization corresponds to social welfare maximization.

In the remainder we show item ii. Lek(X) = vix, vi > O, for each user. Let R(X) be the function given by (5).
Let R* be the optimum revenue, i.& = max{R(X) : X P}. We note the following:

Claim 1 The setf,, := {X € R : R(X) > p} is convex, for every g [0,R"].

The claim indeed holds as in Proposition 1 we showedR(Y is a concave function, and thus is a level-set
of a concave functioR(X) which is convex [30][Theorem 4.6].

Since for ever) € P, R(X) < R*, the two convex setsg- and? do not have common interior points. Lidtbe
a hyperplane that weakly separates these two sets. Thisdhgpe can be written as

wai =1, with y; > 0 for eachi. (8)
|

In a slightly different game, where the provider has theifdasetQ = {X € IR} : 3;yix < 1}, the allocation
that maximizes the revenue ovgris the same as in the original game. Sirte Q, the optimal social welfare of
the new game is at least the social welfare of the originalegahmerefore, it is enough to prove a lower bound on
the efficiency for the class of games where the provider hagetsible se.

Taking the partial derivative with respectxpon both sides in (5), we obtain

Uioaxl R o Uax

Uixi)x+R)?Z R 4 (U/(x)x +R)?




For any optimum allocation vecta} we have eithex; = 0 or %R: Ayj whereA > O is the Lagrange multiplier [30]
associated to the constraipifyix; < 1. It follows that

either Oor M— >0 9
xRy P

In the following, it is convenient to use the following notat

for each uset,

& = - andz = yix;, Y '
_w =Y ’yl_aiZ|+R*’
whereX is a Nash equilibrium allocation vector. Without loss of geality, assume that
aza>- > an.

The equalities (5) and (8) can now be written as

>y =1 (10)

|
Zz,— = 1 (11)

|

For linear utility functions, from (9),
: aj

eitherz =0or ————— =p>0. 12
=0 Gy P )

It is straightforward to note that the following holds
Yi

1y, (13)

az=R'——
and that (12) is the same as
ai(1-yi)?
R*Z
On the one hand, from (13) and (10), we have that the socidfweeht a Nash equilibrium satisfies

- D* Vi R* R* _ *y%_yl"i_l
,ZM—RZ Ty =R ( >— < +(1- y)>—R7. (15)

l-w
On the other hand, using (11) and (13), the maximum socidbweels

a=a <ZZ|> :alR*Zﬁ.

From (14),a;(1—yi)? = a1(1—y1)?> whenevery,y; > 0, hence

% Vi R*
aR ,Zai(l—Yi) = (1_y1)2IZYi(1—Yi).

Hence, for the maximum social welfare

eithery; = 0 or =p>0. (14)

oy SN < Q_L*yl)z<yl<1—yl>+zlyi>

ok

R
= Aoy 5(Y1(1—y1) +1-y1)
— R*i( 11__;’32 (16)
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where the second equality follows from (10).
From (15) and (16), the efficiency is at least

R* Y%‘Yl-l-l

Ty _Yi-yitl 1
>k 17y2 a 1 - L
R (17y11)2 Y1+ 1+\/§

where the inequality follows from the following claim

Claim 2 The minimum of the function(y) = yzy‘j’fl over[0,1] is equal t02v/3—3=1/(1+2//3).

whose proof is given in Appendix 7.2. It remains only to prdivet the asserted efficiency bound is tight which
we do in the following.

Tightness Consider the following casey > vo = --- = v, with
2
V2 1- Y1>
v, 17
Vi <1—YZ n

wherey; = v/3—1,y, = (2—+/3)/(n—1), and lety; = 1 for each user, i.e. ;% = 1.
For this choice, note that (14) holds. Furthermore, fron) (@8 have thak = (x1,X2,...,X2) is @ Nash equilib-
rium allocation vector such that
VoXo  Y2(l—vy1)
vixe  Yi(l-y2)

It follows
X2 _ Y2(l—y2)
Xt Yi(l-y1)
Combining withx; + (n— 1)x2 = 1, we have
1
X1 = - (18)
L+(n- DY

andxy = (1—x1)/(n—1). Evaluating the ratio of the social welfare at the Nash dopiiim and the maximum social
welfarevy, we obtain ¥(1+ 2/+/3) asymptotically a: tends to infinity. This completes the proof.

4.2 Efficiency for a General Class of Utility Functions

In the previous section, we showed that if the user utilityctions are linear, then the efficiency is bounded by a
constant that is independent of the number of users. Howemterature, user utility functions are often assumed

to be non-negative, non-decreasing concave functions;hwisimore general. We first argue that for this more

general class of utility functions, there exist cases foicWlthe efficiency can be arbitrarily small under a revenue-
maximizing provider. We then define a broad class of utilitydtions which accommodates many utility functions

used in the literature. For this class of utility functioms prove that the efficiency is bounded by a constant for a
monopoly of a single provider and an oligopoly of multipl@yiders (Section 5).

A bad example. We show an example where user utility functions are nontneganon-decreasing concave
functions, for which the efficiency is 0. The provider opta@$R(X) given by (5).R(X) is an increasing function in
U/(x)x, therefore, for general concave utility functions, it ntiglappen that there is a Nash equilibrium allocation
X* € P such thalJ{(X")x" = max(o..) U/ (X)x and the provider will have incentive to under report the lawslity
of the resource in order to maximize the revenue. This is tamncommon cause of efficiency loss under revenue-
maximizing providers.

Consider a symmetric case of 2 users Wiffx) = U (x) for i = 1,2, and a provider with the resource constraint
x1+ X <C, forC > 0. SupposéJ (X) is a non-negative, non-decreasing concave function spedff
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o [3-2x 0<x<1
U(X)_{ 1 x> 1.

X
We then have that the provider maximiZzgx) = U’(x)x over 0< x < C/2, with the maximizing poink = 3/4.
The ratio of the social welfare at the Nash equilibrium arerttaximum social welfare 9 (3/4) /U (C/2). Letting
C go to infinity, we obtain the limit efficiency lig... U (3/4)/U(C/2) = 0.
The preceding example shows that we need to restrict the ofadility functions to a subset of non-negative,
non-decreasing concave functions, in order to guaranteastant efficiency for any number of users. To this end,
we introduce the class @futility functions in the following definition.

Definition 1 Let U(x) be a non-negative, non-decreasing, and concave utilitgtfon and let ¥ > 0 be the value
maximizing U(x)x. We call Ux), d-utility, if, in addition, the following two conditions hal

(i) U'(x)x is a concave function ové®d, x|, and
(i) there existd € [0, ), such that for every & [0,xo],
U(b) <dU(a)+[U’'(a)a’b, forall b > 0. (19)

Figure 3: Ad-utility function: va < 9, wherelL is the shaded and/ is the hatched area.

Condition (19) means that the utility functidh(x) is upper bounded baffinefunctionsc+ dxwherec = dU (a)
andd = [U’(a)a)’, for everya € [0,x]. Note that condition (19) is equivalent to requiring thatdéeerya € [0,Xo],

U(b)—U’(b)b < 8U(a)

whereb is given byU’(b) = [U’(a)a)’. We show a geometric interpretation of condition (19) in igufe 3 where it
corresponds th /W < d, for verya € [0, x|, whereL andW are the areas indicated in Figure 3.

We next briefly discuss why the above class of utility funasios rather natural, postponing to show that the
class accommodates many utility functions found in literato Section 4.2.1.

Relation to the efficiency of monopoly pricing. The dependency of the efficiency on the properties of the util
ity functions holds in general, not is not particular to oueahanism. Consider the classical case of monopoly
pricing [36] — a single seller sells to buyers with utilitynittion U (x) and there is a constant marginal produc-
tion costc > 0. The seller optimizes the prige so as to maximize the profit. For given pripe buyers choose
the quantityx that maximizedJ (x) — px, so thatU’(x) = p. The sellers finds the quantity” that maximizes
p(x)x — cx = U’ (x)x — cx, thus[U’(x™)x™" = c. The social welfare is maximum at a quant/that maximizes
U (x) — cx, thusU’(x®) = c. It follows that the efficiency isU (x™) — cx™) /(U (x°) — ¢¢), which in the geometric in-
terpretation in Figure 6 corresponds to the rafg’'L. Note that if the utility function is such that for songe [0, 1],
the efficiency of the monopoly pricing is greater or equaf for any marginal cost > 0, then the utility function is
a %,—utility.

We now state the main result of this section:
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Figure 4: Efficiency for monopoly pricing“Li'.

Theorem 3 Assume that for each i, the utility function(i) is a &-utility. Then,

(i) under price taking users, the efficiency is at ledstl + d);

(ii) under price anticipating users, the efficiency is atded/(1+2//3+9).
Proof. This is a corollary of Theorem 5 which holds for a more gensedting ofm > 1 competing providers. =

Note that ford = 0, we recover the result of Theorem 2. The result under iteghaiws that for the price
anticipating users with utility functions in the classdetitility functions, the efficiency is at leasf (1 +2/+/3+8) ~
1/(2.16+ d). This shows that the weighted proportional allocationdsed competitive social welfare under a broad
class ofo-utility functions.

In the following section, we exhibit that some common faeslof utility functions belong to the classaiutility
functions and for these families of utility functions contgthe values obd.

4.2.1 o&-utility Functions

The following lemma shows that many utility functions founditerature ared-utilities.
Lemma 1 We have the following properties:
(i) U(x) =ax, fora > 0O, or a truncated linear functioh is aO-utility;
(i) U (x) such that U(x) is a concave function is 2-utility;
(iii) U (x) =log (&), for c> 0, is a 2-utility;

(iv) U(X) = (c+X)® forc>0and0<a < lisa(l—a)a Ta-utility for 0< a < 3, and al-utility for 3 < a < 1;
simpler but weaker, it is §-utility for 0 < a < 1.

(V) U(x) = l‘“_iu(c+x)l‘°‘, for a € [0,1) U (1,0), and U(x) = wlog(c+x), for a = 1, with w> 0 and any c> 0,
1—

& -utility for % < a < 1; simpler but weaker, it is g-utility for

is a 1-utility for 0 < o < § and aa(1—a)"
0<a<l

(vi) U(x) = a-arctan(2), for a > 0, is a2-utility.

IThatis,U (x) = min{ax,y}, for everyx > 0, for somey > 0.
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The linear functions under item i are rather commonplaceconemics and other literature and apply well to
situations where users derive constant marginal rewards, & fixed reward per click on an ad [18]; truncated
linear utility functions were considered representatifeeal-time traffic requirements in communication network
scenarios [31] and were considered in the context of pricepatition games [1, 2]. Concave marginal utilities
(item ii) were considered in [9]. The logarithmic utilityriation under item iii was considered by several authors,
for instance, as a model of a communication network conoredti [3] and [31]; it can be seen as an approximation
for proportional-fair allocations [15]. Polynomial utififunctions (item iv) were used in a model of trade [17]. The
family of utility functions under item v is known as-fair [15, 22] and was used widely in the context of network
resource sharing. Finally, the utility function under iteimwas derived by Kelly [13] as a characterization of a
TCP-like connection.

We have the following result whose proof can be found in Agle.5.

Lemma 2 If f and g ared-utilities, then so are:
@) c-f,forc>0;
(i) truncated f

(i) f +g.

Relation to the elasticity of demand. It is natural to consider how the definition &utility compares to existing
characterizations of utility functions. A standard measisrthe so-callectlasticity of demandvhich is used to
characterize the third-degree price discrimination [38, Bet p(x) = U’(x) wherep(x) is interpreted as the price at
the outputx, and the inverse functiox(p) is known as the demand function. The elasticity of demanbeabttput
x is defined by—(dx/x)/(dp/p). Note that this corresponds t(x) /(—U” (x)x). Now, instead of considering the
elasticity of demand at particular values of the outpwe consider the following uniform bound, ket> 0 be such

that
U’(x)
—U"(x)x

Note that in Figure 3, the left-hand side corresponds todtie of the length of the line segmejia,0), (a,U’(a))]
and the length of the line segme(a, [U'(a)a)’), (a,U’(a))]. Intuitively, we want this ratio to be large as we want the
areal to be small relative to the ar&d. This indeed conforms to the fact that linear utility funcis have infinite
elasticity of demand, and by Lemma 1 we know that lineartytilinctions are O-utilities.

The following lemma provides a relation between the elagtaf demand and-utility.

>¢, forallx>0. (20)

Lemma 3 Suppose Wx) is a non-negative utility function such that) is non-increasing and concave and (20)
holds. Then, Ux) is a Z-utility function.

Proof. For a concave functiob’(x), the ared. in Figure 3 is less than or equal to the area of the triangleeeéfi
by the intersection of the lines= 0,y = [U’(a)a)’, and the tangent to the functidif(x) atx = a. The area of this
triangle is—2U" (a)a?. Hence,

L -2U"(a)a® —2U"(a)alU’(a)a _—2U"(a)a

W="U@ U@ U@ - U@ -

2

€

where the first inequality follows a$'(a)a < U (a) holds for any non-negative concave utility functidiia) (which

holds adJ’(a) is assumed to be non-increasing) and the last inequality (2®). ]
The following example shows that there exist utility funcis for which strictly positive (and even large) elastic-

ity does not imply that the utility function is @utility. Indeed, such utility functions do not verify thesumptions
of Lemma 3.
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Example. Forc,d >0, and 0< xp < c/d, let

c— 9x 0<x<Xo
C—d)Q)-i-% X > Xg.

Note thatlU’(x)x]" = c— dx, for 0 < x < xg, and[U’(x)x]" = c— dxy, otherwise. Note thai’(x) is a convex function
and thus the assumptions of Lemma 3 are not met. It is notulific find that
2c

=—-1 .
€ A >0

For a finitea > xp, we have that the aré&' (see Figure 3) is equal td(a) = %X%Jr (c—dxp)a+ % Iog%, thus

0 <W < . On the other hand, for the areave haveL = (U(a) — [U’(a)al’a) + % Is d7x = oo, thusU (x) is not a
o-utility.

5 Multiple Providers

In this section, we consider an oligopoly of multiple conipgtproviders where each provider allocates resources
according to the weighted proportional allocation. We assthat each user can receive resources from any provider
and is concerned only with the total allocation receivedrale providers. More concretely, let denote the
allocation to usei by providerk. We assume that for each userthe utility of the allocation vecto(x!, i =
1,...,n, k=1,...,m)is a functionU;(x ) wherex, = 5, X< denote the total allocation to useover all providers. In
the remainder we denote with" =X — x,!‘ the total allocation to userover all providers except providé&r and use
the following vector notatiom® = (x,...,xk) andx ™ = (x;%,...,%%).

Each user chooses bidsi; = (w!, ..., w™) that maximize

USER: maximizeUi(xi)—Zw%( (21)
overw; € IR subject to either price taking or price anticipating which discuss in the following. In either

case, we have
-
Z pr

wherepf = (3 W‘J‘)/Cik is the price per unit resource for usezharged by providek andCK is the discrimination
weight for uset by providerk.

Price taking users. Under price taking users, the maximization in (21) is perfed ovenw; < IR'} while taking
the pricespk as fixed. It is easy to note that for an optimal allocatig,...,x"), eitherxt = 0 or U/(x) = pk.
Therefore, the revenue by provideis equal toR¥(X, X ) = 5, U7 (x K+ X)x&.

A Nash equilibrium of the game under price taking users isctoref discrimination weight@",i =1,...,nk=
1,...,m) and a vector of user bid:w}(,i =1,...,n,k=1...,m) such that

( REH)
G= Ui'(%)

where(X!,...,X™) is a set of allocation vector&*, ... ,X") € P, x --- x Py, such that for every provide,

andwi‘ = U/(x)x'

RE(X X7K) > RK(JK, X7%), for everyy* € A
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Price anticipating users. Following same arguments as for the case of a single proindgection 2.2, we have
that for any vector of discrimination weight€¥,i = 1,...,n,k = 1,...,m), the price anticipating users select bids
so that the following relations hold for eveirnand ever>k

RO o REExh)

- U{ ()" 22

=T M G R (22)
whereR¢(%¢ X 7K) = 5, wK is the revenue of providéegiven by
{06 4 XK

=1 23

ZiU’X. + X)X R (R X K) (23)

A Nash equilibrium of the game under price anticipating sgera vector of discrimination welgh(QII =
1,...,n,k=1,...,m) and a vector of user blo(svf,l =1,...,nk=1,...,m) that satisfy (22) for everyand every
k, Where(il, . ,Xm) is a set of allocation vectors?, ... ,Xm) EPL XX me such that for every provide,

RE(RE,xK) > RK(YK, X K), for everyy¥ € A
We first show that there exists a Nash equilibrium for our maribvider weighted proportional allocation game.

Theorem 4 Assume that for each user i and every 8, U/ (x+ a)x is a concave function. Then, there exists a Nash
equilibrium for our multiple-provider weighted proportial allocation game.

Proof. For both price taking users and price anticipating usersashiquilibrium is determined by a set of alloca-
tion vectors(X!,...,XM) € Py x --- x Py Consider the conventional best-response function

F:Px  XPn—P1 X X Py

such that(y?,...,y") = F(X,...,X™), wherey¥ is the allocation vector that maximizes the revenue for igkenk,
assuming other providers do not change their allocatioirsceShe revenue is a solution of a convex optimization
problem (immediate under price taking users; follows by sarguments as for Proposition 1 under price antici-
pating users), this mapping is continuous and thus by thd-fsant theorem [16], there exists an allocation vector
where no providek can increase his revenue by changing the allocation vaterhich is a Nash equilibrium. m

We next prove a bound on the efficiency at any equilibriumcaltion of the multi-provider weighted proportional
allocation game. In order to preclude some trivial casesadmit the following assumption. Each provider
allocates no resources to any ustar whichU/(x) = 0, for all X € 4, i.e. in the given case‘ = 0. This ensures

U/(x) > 0 whenever; > 0. (24)
Theorem 5 Assume that for each user i and every &, U;(a+ x) is a non-constand-utility. Then,

(i) under price taking users, the efficiency is at ledgtl + d);

(ii) under price anticipating users, the efficiency is atded/(1+2//3+9).

Comments. The result shows that the efficiency of the weighted propodi allocation in the multi-provider
setting is at least A1+ &) and 1/(2.16+ d) under price taking and price anticipating users, respelgtii he result
is tight in the sense that f@= 0 (which holds for linear utility functions), it recoversetisame efficiency bounds as
those in Theorem 2, which were showed to be tight. It estaddighat for the class @utility functions, the social
welfare is a constant factor of the maximum social welfarkgictv depends ob and is independent of the number
of users and the number of providers.
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Proof. The key idea of the proof is to bound the social welfare by dinefunction which allows separating the
maximization ovefXxy, ..., Xn) € 5 P to maximizations over the sefk, wherey , A = {21+ M KeB k=
1,...,m} is the Minkowski sum of the set&.

We first consider the sub-game for providemssuming that! is fixed, for everyj # k. For this sub-game, let
% andR¥ denote a Nash-equilibrium allocation and the revenue fovigerk, respectively. Lef; yx¢ = 1 be the
hyperplane that separates the 9@@5 {Ze B : RY2) > R} and% and is a tangent to the seg We consider a
new sub-game for providérwhere the constraint iQ* = {X € & : yi ykx| < 1} and the utility functions are linear,
i.e. for some/ > 0, the utility function isvx, x > 0, for every uset. In particular, we take

VE = U/ (%) + U/ (%)X, for eachi.
We note that the following holds with proof deferred to Apdeny7.6.
Claim 3 V¢ > O for every i and k.
From Theorem 2, we have that for any Nash-equilibrium atiocai® of the new game,

max$ vz <k y vu

Ze B T

wherek is equal to 1 and 4 2/+/3 under price taking and price anticipating users, resyeyti
We note the following claim whose proof is deferred to Appgntd?.

Claim 4 3;vkuk < 5;U/(x)%K.
It follows that

max’y vz <k > U/ ()X, (25)

2B T

We next consider the whole system withproviders. Lety; = minkv}< and defineVvi(x) = & + vix whereg is
chosen so that;(x) is a tangent tJ; (x). SinceU;(x) is a non-negative concave function, we hayex) < V;(x), for
x> 0. Hence

max y Ui(z) < max  Vi(z i max>» Viz. 26
ze5 B 4 2ezmz ' ,Za‘JFZZeka 4 (26)

We next note the following. First, from the definition &utilities,
a < Ui(x). (27)
Second, by the definition of, v; < v}< for everyi, so that
rz\;gkxz iz < rz\;gkxz Wiz < Klei’(m)mk
where the last inequality is by (25). Therefore,
Zmava, < KZZUi’(Xi)Xik =K Izu{oqm

< K Ui(x) (28)

where the last inequality is becaudgx) is a non-negative concave function.
Finally, using (27) and (28) in (26), we have

max U ) <8y Ui( KY Ui(x) = (0+K) S Ui(X
3 00+ T L) = (310 T U)
which establishes the asserted claims. n
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6 Discussion and Related Work

Price discrimination by a profit-maximizing monopoly is alWkmown economic concept (Tirole [34], Varian [36])
and is known that in some cases it can improve social weléae,; for example, Varian [35] for a necessary condition
for this to happen. An architecture for price discriminatio the Internet networks was proposed by Odlyzko [26],
namely, the Paris-Metro scheme. Under this scheme, theorets@sources are partitioned over several classes,
each offering an individual price, and resources withinasglare shared equally among the competing network
connections. [26] is an architecture proposal, leavinghdpawv to set prices and other implementation aspects. In
the present paper, we consider a mechanism that inducesdisizrimination.

Shenker et al [32] challenged the marginal cost pricing assagd goal arguing that (i) marginal cost pricing
may be insufficient to recover the costs, (ii) marginal coséy be inaccessible, and (iii) other goals than optimizing
social welfare may be of interest. Furthermore, they prega@n architecture where a network provider determines
prices at network edges, not by a distributed algorithm ner andividual resources of this provider. The marginal
cost pricing underlies the mechanisms that aim at maximisocial welfare; instead, we consider the revenue
maximization.

Proportional allocation has been considered for proceskaring under Generalized Processor Sharing by
Parekh and Gallager [28], and for resource sharing of need;ttime-shared systems by Stoica et al [33]. It also
underlies Kelly’s mechanism [14] for sharing of networkaeses. The mechanism is used for systems of mul-
tiple infinitely divisible resources of finite capacities agplying the mechanism at each individual resource, e.g.
[29, 14, 10]. This is in contrast to the weighted proporticaiébcation mechanism that can be applied to resources
with more general resource constraints (specified by gepehghedrons), hence, allowing for more complex sys-
tems than single processors or single network links.

A large body of literature focuses on the social welfare urlde proportional allocation mechanism. Kelly [14]
showed that under price taking users, the proportionatation yields full efficiency. This was followed by Johari
and Tsitsiklis [10] who showed that under price anticipatirsers, the worst-case efficiency 543 This was
extended to resources with more general polyhedron camisttay Nguyen and Tardos [24] showing that if for each
user with a given utility function there ake> 1 users with identical utility functions and competing fbetsame set
of resources, then the social welfare is at Ieast%,; of the maximum social welfare; fé&r= 1, this boils down to the
result of [10]. They also considered revenue, which we disdater in this section. The network resource allocation
game considered in [10, 24] assumes that users submitdgudiMbids to resources that they want to use; for example,
individuals bids are submitted to links of a network coniwatt This is unlike to Kelly's mechanism [14] where a
scalar bid is submitted for the set of links of a network cantio®. The network resource allocation game with users
submitting scalar bids was considered by Hajek and Yangsffjwing that the worst-case efficiency can be made
arbitrarily close to 0, and that a Nash equilibrium may eveinaxist. A mechanism with users submitting scalar bids
was considered by Johari and Tsitsiklis [11] where usersshdlesired allocations based on (marginal cost) prices;
under price taking users, it is showed that full efficiencgétieved while under price anticipating users and affine
marginal costs, a tight worst case efficiency j8 2Efficiency of scalar-parameterized mechanisms wherne ase
restricted to one-dimensional strategy spaces was stigielbhari and Tsitsiklis [12] and Yang and Hajek [39].
In particular, [12] showed that for a class of smooth madtearing mechanisms where price discrimination is not
allowed, the proportional allocation of Kelly [14] maxineig the worst-case efficiency; if price discrimination is
allowed, then full efficiency can be achieved by an adaptabibVickery-Clarke-Groves mechanism (e.g. see [8]
for a survey). The maximization of the worst-case efficiebgyKelly’s mechanism was also found by Maheswaran
and Basar [20] but over a class of mechanisms for which tleeatilon is proportional to a function of the submitted
bid and the payment is a function of the submitted bid. Fnallole, Dodis, and Roughgarden [4] considered a
routing game where the goal is to adjust prices at netwokKs Igo that a Nash equilibrium allocation maximizes the
social welfare. All the work discussed in this paragraphugss on the social welfare objective while in our work
we consider the revenue maximization.

We now discuss price competition under revenue-maximipirayiders which was studied under various as-
sumptions. A pricing game of parallel links was considergdAlsemoglu and Ozdaglar [1], and Hayrapetyan,
Tardos, and Wexler [9]. In this pricing game, there is a flomndad through a set of parallel links where subsets
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of links are owned by independent providers who set pricisisly trying to maximize their revenues. The flow is
split across links that offer minimal marginal cost, equeatsum of the price and a congestion cost. For each link,
the congestion cost is assumed to be a function of the totaltimugh this link. Both [1] and [9] allow for convex
non-decreasing link cost functions; [1] considers a fixedam of demand with a constant marginal utility, while [9]
assumes elastic demand specified by a utility fundtidr) such that)’(x) is decreasing and concave (more general
than assuming constant marginal utility). [1] finds tight/és bounds on the efficiency equal t§/2— 2 ~ 0.8284
and 56 ~ 0.8333, respectively, under the assumption that link costtfans are equal to zero at zero flow and
without this assumption; [9] finds that in the two respecteses, the efficiency is at least2s = 0.3125 and
20/93=0.2151 and for some utility functioris (x) such that)’(x) is convex, the efficiency can be made arbitrarily
small. The pricing game was extended by Acemoglu and Ozdi&jle a system of parallel-serial links, where each
path consists of one or more links owned by independent geasi Under same assumptions as in [1] and assuming
that the link cost functions are equal to zero at zero flowy #stablished a tight lower bound on the efficiency equal
to 1/2, for any equilibrium at which all the demand has to be fatfiand each provider plays a strict best response;
it is, however, showed that if the link cost functions arewtd to be positive at zero flow, the worst-case efficiency
can be arbitrarily small. While we also consider a systemoufigeting providers, these price competition games
differ to our system in several respects. First, we consaeauction mechanism, not a price setting. Second, we
consider systems with multiple strategic users and allawh&erogeneous utility functions. Third, we allow for
price discrimination across individual users. Finallyhea than assuming soft resource constraints specified by a
function of the total flow through a link, we allow each prosido have rather general resource constraints, specified
by polyhedrons.

While most of the previous work focused on social welfarensalso considered the revenue. Shakkottai et
al [31] considered therice of simplicity defined as the ratio of the revenues under a simple pricingnse and a
revenue-maximization pricing; specifically, they consaétka flat-rate and a generalized Paris-Metro scheme. Under
assumption that utility functions are identical up to a riplittative constant, and are non-negative, non-decrgasin
and concave, they showed that the price of simplicity of thertte pricing is near to 1 for some utility functions,
but it can be arbitrarily small for worst-case (truncategbdr) utility functions (order Alog(n) for large number of
usersn); similar results were established for the generalizedsPdetro scheme. Furthermore, Maheswaran and
Basar [21] considered the revenue of the class of genedgbigortional allocation mechanisms introduced in [20],
showing that for users with identical utility functions, IK&s mechanism maximizes the revenue, but there exist
cases with non-identical utility functions, for which Kgdi mechanism is sub-optimal. Nguyen and Tardos [24]
considered the revenue of the network resource allocatiomed10], showing that the revenue is a constant factor of
the maximum revenue for a class of utility functions and aseg that for each user there is a number of users with
identical utility functions and competing for the same daesources. Our work differs from [31, 21, 24] in that we
consider an auction mechanism applied by providers whoakigto selfishly maximize their respective revenues,
and we allow for heterogeneous utility functions.

Optimal auction design was considered with respect to baghare (Vickery-Clark-Grove; see Nisan [25] for
a survey) and revenue (Myerson [23]). This line of work admaifframework of Bayesian games with incomplete
information about users’ valuations; see Hartline and iK48] for a survey. Our work is different in the allocation
mechanism that we consider; in accommodating infinitelysidile resources with general polyhedron constraints;
and admitting the framework of games with complete inforomat

A large body of work was devoted to mechanism design wherggtia is to design optimal auctions that
are incentive-compatible (i.e. truthful or strategy-@jpdor an incentive-compatible mechanism, it is a dominant
strategy for users to report their true valuations. For gdamin this context, Fiat et al [6] considered profit-
maximizing auctions for selling multiple indivisible itenwith cancellations (the seller is allowed to cancel the
auction in case the collected revenue does not meet somera @iteria). Using a competitive analysis, they
provide a lower bound of 2 for a profit competitive ratio tHagy consider, along with algorithms with a competitive
ratio of 4. Our work is different from this line of work as we dot impose the incentive-compatibility requirement
and is in this sense closer to that studied in, for exampi, 10, 24, 7, 11, 11, 39, 4, 1, 9, 20, 21].

Our work relates to auctions for sponsored search (see {8 survey), referring to online advertising by
Internet search engines by selling ad slots that appeag aiole with search results to search keywords, using a
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generalized second price auction (GSP). The ad slots aeaédd to a set of top ranked advertisers with respect to
the weighted bids. The weight for an advertiser is the exgaeclick-through-rate for this advertiser; each advertise
pays a fixed price per click where the price is the lowest valuficient to retain the advertiser’s rank. Edelman,
Ostrovsky, and Schwartz [5] showed that GSP is not incemtivapatible and showed an equivalence to a gener-
alized English auction; similar game was also studied byavi37]. In a recent work, Varian [38] considered the
auctioneer profit per cost and provided some empirical eséim The weighted proportional allocation applies to
sponsor search scenarios by interpreting the allocatiotowas the click-through-rates over the ad slots.

Finally, market-based approach for resource allocationoofiputational resources such as web farms or data
centers was considered in prior work. For instance, Liu,ilteie, and Wolf [19] proposed a network flow model
for maximizing the profit of a system of servers under usetk diverse service-level agreements. The resources are
partitioned over service classes using generalized psocebaring per each server, and the service-level agréemen
are offered per service class. For each service class, vieeséevel agreement is specified by a quality-of-service
metric derived from the queuing theory (e.g. waiting timstiabution). It is assumed that the service provider earns
a fixed revenue per each user request satisfying its sdiexet-agreement; this corresponds to users with linear
utility functions. The flow rate assignments across claasesservers and the service rates per class at each server
are a solution to an optimization problem with separablecava objective function across service classes. The
mechanism that we consider could be applied to data cereaasos.

7 Conclusion

Our results show that the weighted proportional allocatieechanism provides competitive revenue and social
welfare under a competition of selfish users who aim at mamgitheir payoffs and selfish providers who aim at
maximizing their revenues. It is a simple mechanism thatasaapplied by providers offering resources with rather
general constraints, described by polyhedrons.

An interesting direction for future work is the design of&tive algorithms for weighted proportional allocation;
in particular, exploration-exploitation type of algoritis that do not require a prior information about users’ tytili
functions.
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Appendix

7.1 Proof of Proposition 1

A function f(X) whose values are real dro and whose domain is a subsgebf IR" is convex if and only if its
epigraph set

epi(f) ={(X,p) : Xe S,ue R, f(X) < p}
is convex in IR [30]. We want to show that R(X) is a convex function, hence consider= IR? andR(X) > y,
for pe IR.. Let for eachi, vi(x) := U/(x)x, for x > 0. From (5), note thaR(X) > p can be written as

vi (%) H
2w+ T 2w ="t

We need to show that

epi(—R) = {(x,p) ‘X RY, pe IRJHZVi(TL)l‘FIJ < n—1}

is a convex set in IR, This is the same as saying that for dfiyw,), (Z 1) € epi(—R), we have(X, L) € epi(—R),

for all (%, k) = (V. ly) + (1= A)(Z ), A € [0,1].
To contradict, suppos@, Ly ), (Z, 1) € epi(—R) and(X, k) ¢ epi(—R), for someA € [0, 1]. We then have

W g He _
Zavi(yi)+w+(l O()Vi(Za)Jrllen 1, foralla € [0,1] (29)
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and
s B ng
= Vi (%) + Hx

Under the assumption of the proposition, for each(x) is a concave function, hence, we hayeg) > Avi(y;) +
(1—A)vi(z). It follows
1

HD R+ @MW) T i

Furthermore, by the convexity of the functiofix it follows

>n—1

1 1
uxlzmer(l—)\)m >n—1

Let A = apy/py, and rewrite the last inequality as

W P
,Zavi(yi)+uy+(1 G)Vi(zi)+|-12>n !

which contradicts (29), hence showing tli&fuy) € epi(—R).
The second statement of the proposition that (4) is a conpérization problem follows immediately as we
showed thaR(X) is a concave function which under (4) is maximized over a errset?.

7.2 Proof of Claim 2

The minimum off (y) is achieved at a pointat which f'(y) = 0, which is the same as

y*—5y?+6y—2=0.

Now, note
V-5 +6y—2 = Y2 +1-37+6y—3
(' —1)*-3(y—1)?
= (y-1’[(y+2)*-3].
Hence,

(y=1?[(y+1)*-3 =0

which has the following solutions/3— 1, v/3—1, 1. We are only interested in the solutiong0nl]. Noting that
f(v3—1) =2/3-2<1/2andf(1) =1/2, the claim is established.

7.3 Proof of Proposition 2

Following the same steps as in the proof of Theorem 2, we lmatdtie social welfare at the Nash equilibrium is at

least

ky

and the maximum social welfare is at most
1
(1-y)?

for some 0<y < 1/k. It follows that the efficiency is at least

(ky(1—y)+1—Kky)

W) = (1) (1 s 1)
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for some 0< y < 1/k. It remains only to establish

1
inf fi(y) = 1— o= +0(1/K).
st ) o HOoL/k)

This follows by noting that for a minimizey, f,(y) = 0, which is equivalent to
5 2 1 2

Sincey < 1/k, we neglect the terry* as it is of smaller order than other terms, which amounts ldrepa quadratic
equation whose solution i, 1/k] is given by

1 1 6 1

It readily follows thaty = %( +0(1/k) and plugging intofy(y) yields the asserted claim.

7.4 Proof of Lemma 1
7.4.1 ltemi

It suffices to consider truncated linear functions, i.e. dor 0 andy > 0, U (x) = min{ax,y}, X > 0, as linear
functions are a special case with- . Clearly, we havéJ (b) —U’(b)b = 0, for anyb > 0, henced = 0.

7.4.2 ltemii

Consider the tangent td’(x) at the pointx = a; see Figure 5. This tangent forms the trianBIBF. Note that the
areal is less or equal to the area of the trianBIBF. The sideDF of the triangle is of length-2U" (a)a. The side
FB of the triangle is of length@ Hence, the area of the triangle is equa-@U”(a)a®. Now, note that the area
W is greater or equal to the area of the rectadIEF. The sides of this rectangle are of lengthl”(a)a anda.
Hence, the area of the rectangle-i8”(a)a?. It follows thatL /W < 2.

Figure 5:U’(x) concave.

7.4.3 ltemiii

We have
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FromU’(b) = [U’(a)al’ we have

1 C
U'b) = 5= (c+a)?
and
b (c+x?*
c
It follows

Ub)-U'(b  2log(S52) + (;%)*—1
U(a) N log (££2)

2log(u) — P +1 uw—1
log)  ~ “ log(u)

whereu = ¢/(c+a). Since(u? —1)/log(u) > 0, we havep(u) < 2, for allu € [0,1]. This bound is tight; achieved
atu=0.

=0(u)

7.4.4 ltemiv
We have
UX) = (c+x)° (30)
U'(x) = a(c+x)°%1? (31)
UK = a(c+x)°t [1—(1—0()%(]. (32)
It follows
%:)’(b)b — (1—q) [1—(1—a)%}_ﬁ +°‘c+%1 {1—(1—0()%} . 33)

Remark Note that forc = 0, we have

U(b)-U’(b)b L
U@ (1—a)a

which is independent & > 0.
Let us consider the right-hand side with the following chewngvariablesi = a/(c+ a),
fo(u) == (1—a)[1— (1—a)u] e +a(l—u)[1— (1—o)u].

It is not difficult to note thatf/ (u) is non-decreasing o, 1], hencefy(u) is a convex function off0, 1]. It follows
that the functionfy(u) over u € [0,1] achieves maximum at either= 0 or u = 1, with valuesfy(0) = 1 and
fa(1l) = (1—a)a . We claim

max fq(u) =

{ (1-a)ja ™= 0<a<i
ue(0,1]

1
1 §<a<L

Indeed, f4 (0) < fq(1) if and only if a® < (1— o). The functionx* is non-decreasing, thus the last inequality
holds if and only ifa <1—a,i.e.a <1/2. The claim follows.

Claim5 (1—a)o Ta < %, forall a € [0,1].
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Figure 6: The functiof1— o)a T versusa.

Remark The result establishes a uniform bound that holds for aryd< 1, equal tg}e/z ~ 1.359. This bound
is not tight and can be improved, albeit slightly. Figure 6wh the functionl—a)a ™ =«. Finding the maximum
value numerically, we obtain the valuel96.

Proof. Indeed, the functiorf (a) := (1— a)a~Ts achieves the maximum value at the same points as the function
g(u) =log f(a). We have
a
g() = log(1—a) — ——log(a).

It is straightforward to obtain

= 1_10( [2+ 1_10( Iog(a)] .

At a pointa* at whichg(a) is maximum, we haveg'(a*) = 0, which is equivalent to

g'(a)

ot = efZ(lfG*)

It follows

fla*)=(1—a")e = (1—a")e 210 < & maxxe > = e
x€[0,1] 2

745 ltemv

We have, forr > 0,

ww:<£%y.

It is not difficult to check that the functiod’(x)x is a concave function only if & a < 1. Therefore, in the following
we considen € [0, 1].
Case 1 a € [0,1). By straightforward calculus, we have

1-a

Note that this is the same as (33) in Section 7.4.4phwplaced with 1 a, hencle the results in Section 7.4.4 apply
by replacinga with 1—a. We obtainthad=1for0<a < % andd=o(1- a)*%“, for % <a < 1. From Claim 5,
we can taked = /2 for 3 < a < 1.
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Case 2 a = 1. Consider the case= 0. Note that)’(b) = [U’(a)a]’ is equivalent to

Thus,b = o, from which it follows
U(b) —U’(b)b  log(b) -
U@  log(@)
This shows thad = «, and hence foo = 1, U (x) is not ad-utility.

1 -
= oo, for any finitea > 0.

7.4.6 ltem vi

We have

a? , a%—x2

/ _ / r_
U'(x) = R andU’'(x)x" = a 2R
Note thatlU’(x)x]’ > 0 if and only ifx < a, and[U’(x)x]" is non-increasing if0, a], hence, condition (i) of Defini-
tion 1 is verified withxg = a.
FromU’(b) = [U’(a)a]’ it follows
o a2 —a? __ [Ba2+@?
(02 +a2)2 o\ az-a?’

We need to show that

da(a) = ¥ a <2, forallae [0,q]

where
a /3a2+a? 24/ (02—a?)(302+a2)
ou(@) a-arctan(aq/ - az) aa 0(2+a2
a = .
o -arctan(2)

Note thatpy(a) = §1(a/a), hence it suffices to considér(a) over|0, 1].
Condition¢s(a) < 2, fora € [0,1], can be rewritten as

|3+a? (1-a?)(3+a?)
_ < .
arctan(a 1= az) 2arctarfa) < a A+ a2 ,ae0,1]

Clearly, the right-hand side is greater or equal to zerolfca a [0, 1]. The claim follows by noting that the left-hand
side is less than equal to zero for ak [0,1]. To see this, note

2

- 3+a
ga) = arctan(a 1a2) — 2arctarta)

= arctan| a 3+a arctan 2a
- 1—a2 1—-a2

where equality follows from the elementary identity ar¢tgn= Zarctan(TXH_xz). Henceg(a) < 0if and only if

a 3+a? - 2a
l1—-a2 ~ 1—a?

but this can be rewritten g4 — a?)? > 0, hence the proof. It can be easily checked that the equaliy(a) < 2 is
achieved fora = 1, henced = 2 is tight.
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7.5 Proof of Lemma 2

Items i and ii are straightforward to show. In the followingg show item iii.
Leth= f+g. Givena > 0, letb > 0 be such that

W (a)a)’ = N (b). (34)

We need to show that
h(b) — h'(b)b < dh(a)

which corresponds to

f(b) — f'(b)b+g(b) — g (b)b < 3(f(a) +9(a)). (35)

Let b; andb, be such that
[(f'(@a)’ = f'(b) (36)
d(@a’ = d(b) 37)

and, without loss of generality, assuime< by.
Sincef andg ared-utilities, the following two relations hold

f(bl)—f,(bl)bl < 6f(a)
9(bz) —g'(b)b < dg(a).

Hence,
f(b1) — f'(by)by +g(b2) — ' (b2)b2 < 3(f (@) +g(a)). (38)
In view of (35) and (38), it suffices to show that
f(b) — f'(b)b+g(b) — g'(b)b < f(by) — f'(by)by +g(b2) — g (b2) 2. (39)

Note thath'(a)a)’ = [f'(a)a)’ + [d (a)a)’. Combining with (34), (36), and (37), we observe
f'(by) +d'(b2) = f'(b) +d'(b).
Using this identity it is not difficult to conclude thhi < b < b, and that we can rewrite (39) as
f(b) — f'(b1)b+g(b) — g (bp)b < f (1) — f'(b1) b1+ g(b2) — g (b2)be.

The latter inequality indeed holds if the following two inexdities hold
f(o)—f(b1) < f'(by)(b—by)
g(b2) —g(b) > d'(b2)(b2—b)

but the latter two inequalities are indeed truéas< b < b, and bothf andg are concave functions.

7.6 Proof of Claim 3
Taking partial derivative with respect ﬂ? on both sides of the equation (23), it is not difficult to etitdbthat

0 pk
UIx) + Ul g% 38R U/ (% )Xk

(U] (%)X + R9)2 TR Z(Ui’(xi)&kJrRk)Z' (40)

For an allocatiorx® that maximizedR¥ subject to the constraing; y*x¢ = 1, we have eithext = 0 or (9/0xX)R¢ =
YK\, for A > 0. Therefore, eithext = 0 or

Uy (%) + /" (x)x¢
=yA>0. 41
oo+ “
From this, ifx* > 0, we havevk > 0. Otherwise, ifx¢ = 0, thenv¥ = U/(x). From this and (24), it follows

that ¢ > 0 whenever; > 0. If x = 0, thenvk = U/(0) > 0 where the inequality holds &%(x) is a non-constant,
non-decreasing, and concave function.
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7.7 Proof of Claim 4
From (41) andy; y*x¢ = 1, note

U 06) + U 5 o
2 /O R <Zy'k‘k>

Hence, (41) can be written as

Uy (%) + /" (%)X yk Uj(x;) +U]'(x )X
(U)X +R92Z T4 (U] ()X + R)2

Now, let us use the following change of variables

X< (42)

UI/(X|)XIk ~ Vt(U:(
U/ (3 )X+ R andyi = VUK + RY

whereR{ andR{ are the respective revenues for the game with originakyfilinctions and the game with linear
utility functions.

For the two games, the condition (23), respectively, cpoads to

Vi =

>vi =1 (43)
|
6 o= 1 (44)
|
Furthermore, the condition in (42) reads as
v _ VX[
oK R~ 2 U+ 2
Vi VKUK

wERE ~ V" wERy

J

which with our change of variables correspond to

i
(L-y)2 = kakz (J) yi(1-yj) (45)

(1-9)2 = z (46)

J

From the last two equations, we have

— N W
(1-w) /hayj(l—yj) = (1y.)J R&Z Uj,(i(j)yj(l—yj)-

Summing ovei and making use of (43) and (44), it follows that

K ~.(1_~.)_Rk VlJ< .(1_ ) (47)
RuZyJ Yj) = XZUj’(Xj)yJ Yj)-

Combining with (45)-(46), we have
y; =i, for everyi. (48)
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The assertion of the claim, with our change of variablesises
In view of (48), this is the same as

R <R
but this indeed follows from (47) ag(1—y;) = i (1—¥) > 0 andvk < U/(x;) for everyi.
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