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Abstract

In the past few years, we have seen significant progress in thearea of Boolean satisfiability
(SAT) solving and its applications. More recently, new efforts have focused on developing
solvers for Quantified Boolean Formulas (QBFs). Recent QBF evaluation results show that
developing practical QBF solvers is more challenging than one might expect. Even relatively
small QBF problems are sometimes beyond the reach of currentQBF solvers. We present a
new approach for solving unsatisfiable two-alternation QBFs. Our approach is able to solve
hard random QBF formulas that other current algorithms cannot handle.

Our solverWalkMinQBF combines the power of stochastic local search methods and com-
plete SAT solvers. The solver is incomplete, in that it outputs unsat if a certificate forun-
satisfiability is found, otherwise it outputsunknown. We test our solver on the model for
random formulas introduced in [3] and the Models A and B introduced in [8]. We compare
WalkMinQBF with the state-of-the-art QBF solversSsolve andQuBE-BJ. We show that
WalkMinQBF outperformsSsolve andQuBE-BJ in time and in the number of formulas
solved. We believe our work provides new heuristic insightsthat should be useful in complete
QBF solvers. As a side result we have developed a stochastic local search algorithm for the
minimum unsatisfiability problem (MIN-SAT).
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1 Introduction

Recently, we have seen tremendous progress in the performance of Boolean satisfiability (SAT)
solvers. Despite the worst-case exponential runtime of allknown algorithms, SAT solvers are now
in everyday use for many applications. Encouraged by the tremendous advances in boolean satis-
fiability, many researchers have recently turned to studying a powerful generalization of boolean
satisfiability: the quantified boolean formula (QBF) problem. The QBF problem allows for the
modelling of problems with greater complexity than SAT, including problems from the areas of
verification, model-checking, planning, knowledge representation, game playing, logic, and com-
binatorics. Recall that SAT is known to beNP-complete, and QBF is known to bePSPACE-
complete. Recent QBF evaluation results [14] show that developing practical QBF solvers is more
challenging than one might expect. Even relatively small QBF problems are sometimes beyond the
reach of current QBF solvers.

The need for practical QBF solvers presents new challenges for deriving heuristics that can
efficiently prune large portions of the search space. We present here an approach for solving unsat-
isfiable two-alternation QBFs. In practice, two-alternation QBFs arise in several natural settings.
Let us describe two particular examples that are significantin automated planning and reasoning.
First, the automated planning task ofconditional planningintroduces variables whose values are
unknown prior to plan execution. (E.g., the goal may requirethe lifting of an object whose ini-
tial location is variable.) One wishes to construct plans that are robust in that, no matter what the
unknown variables are, a satisfactory plan can still be formed that achieves the relevant goals. Rin-
tanen [12] showed that the problem of determining the existence of a conditional plan isΠ2-hard.
Rintanen gave relatively efficient translations from conditional planning to three-alternation QBF,
for the purposes of building a conditional planner based on SAT solving. However, the (still) dif-
ficult problem of checking a given plan forconsistencycan be captured by two-alternation QBFs.
In general, any efficiently-representable reasoning problem involving an adversary who “goes first”
(i.e. the adversary chooses his variables’ values first) can be captured with two-alternation QBF.

On the other hand, some problems that do not have an “adversarial” flavor are also captured
by two-alternation QBF, such as the inference problem for somenon-monotonic logics. We high-
light one problem from this group: propositional logic withthe closed-world assumption (CWA).
Intuitively, CWA assumes the falsity of any atom which one cannot prove to be true. Formally, the
CWA of a Boolean formulaF is the set of all literals̀ such that¬` cannotbe inferred fromF , i.e.,
the formula

F ∧ (`)

is satisfiable. The notion of CWA was introduced by Reiter [11]. Eiter and Gottlob [5] proved
that, given Boolean formulasF andG, the problem of inferring whetherG logically follows from
CWA(F ) is Π2-complete.

Our QBF solver is based on heuristics that effectively find inconsistencies for unsatisfiable two-
alternation formulas. We believe that our work gives new insights into what types of heuristics that
complete QBF solvers can consider. Our approach,WalkMinQBF, combines the power of stochas-
tic local search methods and complete SAT solvers. The solver is incomplete: it outputsunsatif a
certificate for unsatisfiability is found, otherwise it outputsunknown. WalkMinQBF has two main
components, which offset each other. The first component is alocal search algorithm that attempts
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to find an assignment to the universal variables that is a witness for unsatisfiability. The second
component is a complete SAT solver (we usekcnfs [4]) that attempts to satisfy the existentially
quantified formula that results from assigning the universal variables. The local search finds in-
creasingly challenging universal assignments to send to the SAT solver, until either an unsatisfiable
subformula is found, or the maximum number of iterations is reached. An appealing facet is that
we can in principle apply any complete SAT solver to the abovescheme, giving great flexibility to
our approach.

To show the effectiveness of our approach, we use the model for random formulas introduced
in [3]. Although our discussion concentrates on random formulas from the model in [3], we also
present experiments with instances fromModel AandModel Bintroduced in [8]. Random formu-
las are a good choice for at least two reasons. First, the random models described in [3] and [8]
have a “phase transition” property, which allows us to find hard unsatisfiable instances by look-
ing at random formulas having values of the control parameter near the threshold. Second, and
more importantly, random formulas provide a homogeneous test bed with challenges for proving
unsatisfiability.

We believe that the type of difficulties involved in proving unsatisfiability varies greatly among
different QBF domains. In particular, we have found that forhard random unsatisfiable QBFs, it is
often the case that just a few assignments to the universal variables turn the unsatisfiable QBF into
an unsatisfiableSAT instance. We call such a subformula anunsatisfiable core.1 Typical DPLL-
based algorithms find these random instances to be quite difficult. These algorithms lack heuristics
that can detect small unsatisfiable cores, so they typicallysearch most of the space to solve these
QBF instances.

We compareWalkMinQBF with the state-of-the-art QBF solversSsolve [6] andQuBE-BJ
[9]. We show thatWalkMinQBF outperformsSsolve andQuBE-BJ in time and in the number
of formulas solved.Ssolve is the solver that performed the best for the 2004 and 2005 QBF
evaluation in the category of random formulas [14].QuBE-BJ performed better thanSsolve on
random instances on the first stage of the 2004 evaluation, but was not considered for the second
stage.

Along the way, we develop a stochastic local search algorithm walkMinSAT for the minimum
unsatisfiability problem (MIN-SAT). The algorithm is in thesame spirit as WalkSat [13], a highly
successful local search algorithm for the Satisfiability (SAT) problem and Maximum Satisfiability
problem (MAX-SAT). The algorithm starts at a random assignment, at each step, choosesb different
“weakly” satisfied clauses, that is clauses with one satisfied literal, and flips one of these satisfied
variables.walkMinSAT is used together with a “balance” heuristic for sampling thespace of uni-
versal assignments (equivalently, the corresponding space of subformulas obtained by instantiating
these assignments) to try to find one unsatisfiable subformula.

The remainder of this paper is organized as follows. Background on QBF, the QBF random
model, the instances used for testing the algorithm, and theMIN-SAT problem are discussed in
the next Section. In Section 3, we provide a detailed discussion of the algorithm and its parts.
Experimental results and discussion are given in Section 4.Finally, in Section 5 we summarize our

1The notion of a core is similar to the notion (in SAT solving) of backdoor variable sets [15], which are small subsets
of variables in an instance that essentially determine the instance’s satisfiability. However, note that while the definition
of a backdoor set is dependent on an underlying sub-solver, an unsatisfiable core is not.

3



work and discuss some open questions.

2 Preliminaries

Formulation of QBF. In this paper, we use the formulation of QBF where consecutive variables
having the same quantifier are combined into a set. The following are the general forms of QBF
formulas having one, two, and threequantifier blocks, respectively:

∃X1φ, ∀Y1∃X1φ, ∃X2∀Y1∃X1φ

By aquantifier block, we mean an expressionQV whereQ is a quantifier (∃ or ∀) andV is a set of
boolean variables. In general, an instance of QBF contains asequence of quantifier blocks which
alternate between universal and existential type, followed by a set of clauses, denoted here byφ.2

The semantics of these formulas are defined as is standard in logic; for instance, a formula
∀Y1∃X1φ is true if for every assignment to the variablesY1, there exists an assignment to the
variablesX1 such thatφ is true. An intuitive way to view a QBF formula is as a game between two
players: a “universal player”, who attempts to falsifyφ, and an “existential player”, who attempts
to satisfyφ. Players set their variables in the order given by the quantifier prefix. For instance, a
formula∃X2∀Y1∃X1φ can be viewed as a three-round game in which the existential player first sets
the variablesX2, the universal player then sets the variablesY1, and the existential player finishes
by setting the variablesX1. In general, the formula is true if the existential player can always win
the game by satisfyingφ.

Two-alternation QBF. In this paper, we discuss two-alternation formulas,i.e. formulas of the
form F = ∀Y ∃Xφ. Denote byFY the SAT formula obtained by considering from each clause
only the literals from theY variables. We callFY the “universal formula” or the “Y -formula”. In
addition, we defineFX , the “existential formula” or “X-formula”, to be the SAT formula obtained
from F by considering in each clause just the existential literals. We define a third SAT formula
associated withF , as a subformula ofFX obtained by instantiating theY variables and considering
the SAT subformula that remains. We denote this subformula by Fy,X wherey is an assignment to
the variables inY .

2.1 Random SAT and Random QBF Models

We first review the standard random SAT model The most widely studied random SAT model [10]
takes three parameters: the clause lengthk, the number of variablesn, and the number of clauses
C. A random formula with these parameters, denoted here byk-F(n,C), is generated one clause
at a time; each clause is generated by selecting, uniformly at random,k distinct variables, and then
negating each with probability1/2.

Now we describe a random QBF model, recently introduced in [3]. As in the random SAT
model, every clause has the same length in the QBF model. In addition, the number of literals in a

2Note that we use the standard assumption that the innermost quantifier block is existential, for if it is universal, the
block can be efficiently eliminated. We also assume, as usual, that different quantifier blocks have disjoint variable sets.
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clause from each quantifier block is also constant. The QBF random model has three parameters.
The first parameter of the model is a tuple specifying, for each quantifier block, the number of
literals from that block that are in a clause. For instance, the tuple(2, 3) specifies that the generated
formulas are of the form∀Y1∃X1φ, where each clause inφ has5 literals,2 from Y1 and3 from X1.
These formulas are denoted(2, 3)-QBF formulas. As another example, the tuple(4, 2, 3) specifies
that the generated formulas are of the form∃X2∀Y1∃X1φ, where each clause inφ has9 literals,4
from X2, 2 from Y1, and3 from X1. Analogously, we call such formulas(4, 2, 3)-QBF formulas.

The second parameter of the model is a tuple of the same lengthas the first one, specifying the
number of variables in each quantifier block. The third parameter to our model is simply the number
of clausesC. As an example, suppose that the first tuple is(2, 3), the second tuple is(64, 80), and
the number of clauses is840. The generated formulas are of the form∀Y1∃X1φ, whereY1 has64
variables,X1 has80 variables, each clause inφ has2 literals fromY1 and3 literals fromX1, and
there is a total of840 clauses inφ. Each clause is generated by selecting uniformly at random,for
each quantifier block, the designated number of distinct variables, and then negating each variable
with probability one half. We denote such a random formula by(2, 3)-F((64, 80), 840).

Note that in a random QBF from this model, if any quantifier block is picked and the clauses
are restricted to literals over the quantifier block, the result is a random formula over the variables
of the quantifier block in the sense of the random SAT model. Instantiating the variables from
the outermost quantifier block “without looking at the rest of the formula” also results in another
random QBF from the model, under the appropriate choice of number of clauses.

In [3], a phase transition property of the QBF model is discussed. Experimental results show
that, if the number of variables is fixed and the number of clauses is increased, then the truth of a
random formula changes from being almost certainly true to almost certainly false. This transition
seems to take place relatively abruptly, suggesting that the model exhibits a threshold phenomenon
as conjectured in the random SAT model. Furthermore, we conjecture that if we take the number
of existential variables as the “parameter that goes to infinity” we have the right parametrization in
the following sense:

Conjecture: If we fix the parametersρ, k, l, whereρ is the ratio between the universal and
existential variables, then there existc∗ such that ifF ∈ (k, l)-F((ρn, n), cn) andc < c∗, F is
satisfiablewith high probability3 (w.h.p.) and ifc > c∗ thenF is unsatisfiable w.h.p.

For instance, experiments in [3] show that forρ = 0.8 for (2, 3)-QBF formulas the value ofc∗ is
around 9. Therefore we can use this model to generate unsatisfiable formulas to test our algorithm.
Moreover, we expect that the most difficult formulas are the ones withc around the valuec∗.

Hard random (2, 3)-QBF: Test instances. To evaluate our approach, we run experiments on the
(2, 3)-QBF random formulas. Experimental results in [3] showed that the hardest formulas were
found when the ratio between universal and existential variables is around0.8. Therefore, we fixed
ρ = 0.8 for our experiments. We generate formulas with parametersc = 10.0, 10.3, 10.5 and
n = 80. Note from the discussion above that the formulas atc = 10.0 are the hardest ones. We also

3With probability that goes to 1 as then goes to infinity.
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use the parametersc = 10.5 andn = 80, 100, 200, that corresponds to144, 180, 360 total number
of variables respectively.

Experimentally, these random formulas are often very difficult. For example, considerF ∈
(2, 3)-F((0.8n, n), 10.5n). Note that, ify is a random assignment to the universal variables, it
satisfies each clause with probability3/4. ThereforeFy,X has around1/4 of the original number
of clauses. Moreover,Fy,X is a random3-SAT formula with density approximately2.625. Such
formulas are always satisfiable. Thus, we are considering formulas in which most of they assign-
ments lead to SAT subformulas but still the QBF formula in unsatisfiable. That is, there are only
a few assignments to the universals that lead to unsatisfiable subformulas. The most natural strat-
egy to consider is to find assignments to theY -variables that satisfy the least number of possible
clauses. Experimentally, we have found that maxy#clauses(Fy,X) ≈ 3.8n, i.e. the subformulas
with the maximum number of clauses have density3.8. Still, these subformulas with ratio 3.8 are
typically satisfiable but a very small fraction of them are unsatisfiable (more discussion in the next
section). So, we have to find a hidden small unsatisfiable subformula of ratio approximately3.8,
i.e. anunsatisfiable core.

Other QBF models. In this paper, we mainly focus on the random QBF model described above,
but we also ran experiments with other models. In [8], two models for random QBF were defined,
dubbedModel AandModel B. Formulas forModel Aare generated in a similar way as a randomk-
SAT formula. Each clause of fixed lengthk is generated by randomly choosingk distinct variables
from the entire set of variables, and then negating each withprobability one half. Clauses with less
thanj existential variables are discarded and replaced, wherej is a parameter with valuesj ≥ 2.
Model B is generated in a similar way asmodel Abut each clause has exactlyj ≥ 2 existential
variables.Model Bcan be obtained form(l, j)-F((ρn, n), cn) by takingρ = 1.

MIN-SAT problem. Let F be a SAT formula onn variables. DefineminSAT(F ) to be the mini-
mum, over all2n assignments, of the number of clauses satisfied in the formula F .

3 WalkMinQBF Algorithm

Let F be a two-alternation formula∀Y ∃Xφ. In order to prove that such a formula is unsatisfiable,
we have to find an assignmenty to the universal variablesY such that the SAT formulaFy,X

that remains after instantiating the assignment is unsatisfiable. To approach this problem we use a
local search algorithm on the space of the universalY -variables to try to find an assignment that
corresponds to an unsatisfiable subformula. A first naive idea is to assign random values to the
Y -variables and solve the corresponding subproblem with a SAT solver. As we discussed in the
previous section this is an ineffective approach. We ran experiments for two hours on 50 random
problems with 144 variables and 840 clauses ((2, 3)-F((64, 80), 840)) and did not find solutions for
any of the instances. The second natural idea is to considerY -variables that minimize the number
of clauses that are satisfied, the corresponding remaining SAT subformula has a larger number of
clauses and therefore has more possibilities of being unsatisfiable. We discuss this approach in the
next subsection.
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3.1 MIN-SAT Algorithm: walkMinSAT

In this subsection we consider a local search algorithm for the minimum satisfiability problem
(MIN-SAT). Our algorithm follows some of the intuitions andstrategies developed in WalkSat for
solving SAT and MAX-SAT problems [13]. We use this algorithmto find assignments to the uni-
versal variables that minimize the number of satisfiable clauses in the two-alternation QBF formula.

We start by describing the WalkSat algorithm. The strategyBEST for WalkSat does as follows.
It starts from a random assignment. At each step, it picks a random unsatisfied clauseC and picks
a variable from that clause in the following way. Define the “break value for a variable” to be the
total number of clauses that are true in the current state, but that would become false if the flip were
made. If there is a variable inC with break value 0, flip that variable. Otherwise with probability p,
the heuristic takes a literal at random from that clause and flips it. With probability1−p, it flips the
variable with smallest “break value”. The algorithm finishes when a satisfied assignment has been
found or when the number of flips done is equal to the cutoff parameter.

Our algorithm for MIN-SAT (walkMinSAT) tries to follow a similar method. It runs for a
maximum number of steps (cutoff). The algorithm outputs theassignment with the least number
of satisfied clauses found. It starts from a random assignment. At each step, the algorithm selects
at randomb different clauses with exactly one satisfied literal. The variable to flip is chosen from
the variables corresponding to the satisfied literals by a procedure calledChooseVar. The basic
algorithm is describe in Figure 1.

walkMinSAT(F ,b, cutoff,ChooseVar, score)
for i = 1 to cutoff

for j = 1 to b
cj := a clause with one satisfied literal chosen at random
vj := variable corresponding to the satisfied literal incj

x := a variable chosen by heuristicChooseVar(v1, . . . , vb)
flip the value of variablex

return the assignment with the least number of satisfied clauses or bestscore.

Figure 1: Random walk strategies for minSAT

The variable to be flipped can be chosen in different ways. We describe a strategy that resembles
the BEST strategy for WalkSat. We called it theWORST, since this strategy tries tominimizethe
number of satisfied clauses, contrary to WalkSAT. With probability p, the heuristic just flips one
variable at random from the setL = {v1, . . . , vb} calculated as in Figure 1. With probability
1 − p, it chooses the variable fromL that minimizes themake-value, which we define to be the
total number of clauses that are false in the current state, but that would become true if the flip were
made. The procedure for choosing the variable to flip is describe in Figure 2.

3.2 Experiments with walkMinSAT

The first two plots in Figure 3(a) compare the basic algorithmform Figure 1 using the heuristic
from Figure 2 with two different values ofp andb = 10. In Figure 3(a),RANDOM refers to the
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ChooseVar(v1, . . . , vb)
mj := total number of clauses that are false in the current state,
but that would become true ifvj were flipped, forj ∈ {1 . . . b}.
with probability p

returns variable with minimummj

with probability 1 − p
returns variablev1

Figure 2: HeuristicWORST for MIN-SAT

heuristic in Figure 2 forp = 0, i.e. taking at random a clause with one satisfied literal and flipping
the variable corresponding to the true literal.WORST refers to the heuristic from Figure 2 with
p = 1. The goal of these experiments was to show that even the basicidea of flipping variables for
weakly satisfied clauses is a good strategy. Note that, even the heuristicRANDOM solves 18 out of
50 formulas. The heuristicWORST, which flips variables in a more greedy fashion solves 23 out of
50 and does so faster thanRANDOM.

Figure 3(b) plots the distribution of ratios (density) of the remaining 3-SAT subformulas found
by RANDOM andWORST. Note thatRANDOM did not get very close to the best values, whileWORST

most of the time got to the best values. For this particular instance, most of the timeWORST found
subformulas at ratios near 3.8.

In order to apply the MIN-SAT algorithm for solving QBFs, we need another ingredient. It is
not enough to be able to find the best solution for the MIN-SAT problem. We have to be able to
explore many different solutions that correspond to different subformulas. Better than just finding
a good solution, we have to sample the space of suboptimal solutions. We deal with this problem
at the moment by using very low values of the cutoff (=2000) sothat we get different suboptimal
solutions. In general, one would like to have a more robust approach.

As previous experiments show, consideringY -assignments with a low number of satisfied
clauses increases our chances of getting an unsatisfiable subformula. Nevertheless, for difficult
problems, these chances are fairly low. Figure 3(c) shows that walkMinSAT with heuristicWORST

usually finds subformulas with very similar ratios. This leads us to consider the following experi-
ment. We generate a random 3-SAT formula at ratio 10.5 with 80variables and consider random
subformulas with densitiesc = 3.5, 3.6, 3.7, 3.8. If Figure 3(c) we consider the fraction of unsat-
isfiable subformulas from 1,000,000 independent experiments. First note that at these ratios the
number of unsatisfiable subformulas is very low. Second, even if low, the fraction increases in an
exponential way as a function of the densityc. This experiment suggests how important it is to try
to find assignments to the universal variables that satisfy the fewest clauses possible.

Until now, our heuristics have been trying to get the least number of satisfied clauses. The
choices of the universal assignments were not exploiting any information about the existential for-
mula. The question we address in the next section is how to sample the space of subformulas
(corresponding toY -assignments) in a way to increase the chances of getting an unsatisfiable sub-
formula by using more information about the existential subformula.
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Figure 3: (a) Comparison between the three heuristics:RANDOM, WORST, BALANCE on 50 random for-
mulas with 144 variables.(b) Comparison betweenRANDOM, WORST on the distribution of ratios on the
remaining3−SAT formula.(c) Probability that a random subformula of a 3-SAT formula is unsatisfiable as
a function of the clause density of the subformula. Statistics done on 1,000,000 subformulas of a random
formula from3-F(80, 840). (d) Distribution of the balance function on 1,000,000 subformulas at ratio 3.8
of a formula from3-F(80, 840), and the same distribution just on the unsatisfiable subformulas

3.3 Balance

In the previous subsection we discussed a MIN-SAT algorithmand how it can be used to find as-
signments to the universal variables to prove unsatisfiability of the two-alternation QBF formulas.
We have shown how considering assignments to the universal variables that minimize the number
of satisfiable clauses gives subformulas with higher density that are more likely to be unsatisfiable.
In this section, we refine MIN-SAT heuristic to be able to use more information on the remaining
subformulas by introducing a measure of “balance”. We show that subformulas with lower “bal-
ance” values are more likely to be unsatisfiable. We use the “balance” measure to derive heuristics
combined with MIN-SAT are more successful finding unsatisfiable subformulas.

To understand our new challenge, consider again a formulaF ∈ (2, 3)-F((64, 80), 840). When
we instantiate an assignment to theY variables (that does not look at the existential formula) we
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get a random 3-SAT formula withn = 80 variables. These formulas have the same distribution as
those of the experiment in the previous section, given the number of satisfied clauses. That is, we
are looking at subformulas of a random 3-SAT formula with a small ratio. These subformulas are
usually satisfiable. As we saw in our experiment in Figure 3(c) only a very small fraction of them
are unsatisfiable. The key question is: how can we recognize the unsatisfiable ones without running
the subformulas with a SAT solver? Perhaps a more tractable question is: how can we sample from
a subspace of subformulas, to increase our chances of findingthe unsatisfiable ones?

Our insights come from the results in [1]. The authors discuss a model for random formulas
in which all variables have almost the same number of occurrences. Furthermore, the formulas are
constrained to be balanced in the following sense. For everyvariablex, the number of occurrences
of x and x̄ differ at most by one. This model exhibits a similar threshold property than the usual
model for randomk-SAT. Experiments with the regular model show that forc < 3.5, almost all
formulas are satisfiable, while forc > 3.5 almost all formulas are unsatisfiable. Note that the
threshold parameterc∗ = 3.5 is much smaller than the same parameter for the usual 3-SAT model
[10], which has been empirically shown to be approximately4.25. We believe that the shifting of
the unsatisfiability threshold is caused by the fact that theformulas are constrained to be balanced.

The latter observation suggests that trying to sample the space of a more “balanced” subset of
subformulas could help speed up our search of finding unsatisfiable subformulas. We define the
balance function for a SAT formulaF to be

balance(F ) =
∑

x∈V

|occ(x) − occ(x̄)|,

whereocc(x) is the number of clause in which the literalx occurs inF . Our heuristic intuitively
leads the search toward subformulas with smaller balance values. We identify the balance of an
assignment to the universal variablesbalance(y) with balance(Fy,X). The balance value of
formulas from the random model defined in [1] is very small, less than the number of variables.
More precisely,|occ(x) − occ(x̄)| = 0 or 1 for every variablex.

ChooseVar-Balance(v1, . . . , vk)
L := {v1, . . . , vk}
mj := make-value:= total number of clauses that are false in the current,
state but that would become true ifvj were flipped forj ∈ {1 . . . k}.
M := minj mj

with probabilityp
return a variable withmake-valueM

with probability1 − p
If not all mj are equal, letM ′ < M be the second minimum value.
Consider a new listL′ := {vj1 . . . vjl

} ⊆ L with all the variables
with mj values equal toM or M ′

return a variable fromL′ that, if flipped, gives the best balance value.

Figure 4: HeuristicBALANCE

To transform the intuition of balance into a strategy, we consider the heuristic in Figure 4. The
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heuristicBALANCE tries to choose variables that simultaneously decrease thebalance function and
decrease the number of clauses that are satisfied. It takes the variables from the listL given by the
WalkMinQBF algorithm described in Figure 5. The balance heuristic firstsorts the variables from
L by make-value, selecting the two variables with minimum make-value. From these two, it outputs
the variable which, if flipped, has the best balance value.

WalkMinQBF(F , k, cutoff, MAX-TRIES)
score(y) := number of satisfied clauses+ 0.5 · balance(y)
for i = 1 to MAX-TRIES

y = walkMinSAT(F , k, cutoff, ChooseVar-Balance, score)
F ′ = Fy,X

if (kcnfs(F ′) == UNSAT)
return UNSAT

return UNKNOWN

Figure 5:WalkMinQBF: QBF algorithm

To support the choice of the balance function, we ran an experiment similar to the one in the
previous section. We generated1, 000, 000 random subformulas drawn from3-F(80, 840), with
density 3.8 (i.e. 304 clauses), and for each subformula we calculate its balance value. We also ran
the SAT solver on each subformula, to determine satisfiability. The results of this experiment are
given in Figure 3(d). The second plot, called “ratio 3.80”, is the frequency of each value of the
balance function. The first plot called “UNSAT ratio 3.80” isthe same frequency, except just for
the unsatisfiable formulas. Note that the distribution of the unsatisfiable formulas is shifted to the
left, i.e., the unsatisfiable formulas tend to have smaller balance values.

To better understand the plots, let us consider some statistics. From the1, 000, 000 total subfor-
mulas at ratio3.8, only 12079 are unsatisfiable. If we were trying to find one of these unsatisfiable
formulas by uniformly sampling from that space, the probability of finding one would be 0.012.
Now, if we were sampling from formulas with balance< 200, that probability increases to0.03. If
we go further and sample from subformulas with balance< 180, the probability increases to 0.078.
The key feature of our algorithm is to shift the sampling to subformulas with smaller balance values.
The third plot in Figure 3(c) compares theBALANCE heuristic with previously discussed heuristics:
WORSTandRANDOM.

4 Experiments with WalkMinQBF and discussion

Most of the current state-of-the-art solvers are based on anextension of the DPLL algorithm, first
proposed in [2]. Moreover, most of the current solvers for QBF are complete. An exception is
WalkQSat [7], an incomplete solver developed to solve mainly SAT instances that uses WalkSat
algorithm together with a QBF solver.

Our test problems are very difficult for current QBF solvers.As we discussed before, just a
few assignments to theY -variables can prove the unsatisfiability of such formulas.DPLL style
solvers have to search most of the space before finding these inconsistencies.Ssolve solved some
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Figure 6:(a) Running time in seconds ofWalkMinQBF, QuBE-BJ, andSsolve on 50 random formulas
from (2, 3)-F((0.8n, n), 10.5n) for different values ofn = 80, 100, 200. (b) Running time in seconds
of WalkMinQBF, QuBE-BJ, andSsolve on 50 random(2, 3)-F((64, 80), c80) for different values of
c = 10, 10.3, 10.5. (c) Running time in seconds ofWalkMinQBF, QuBE-BJ, andSsolve on 50 random
formulas fromModel A, 150 variables and ratiosc = 6, 8. (d) Running time in seconds ofWalkMinQBF,
QuBE-BJ, andSsolve on 50 random formulas fromModel B, 100 variables and ratiosc = 10, 10.5.

of these instances thanks to its “adaptive trivial falsity”heuristic. For the two alternation formulas
the heuristic tries to find in a greedy way some “set of conflictfree clauses” of maximal size; that
is, to find assignments to the universal variables satisfying the least number of clauses. Most other
solvers are not able to handle these problems. For instance,Quaffle, another state-of-the-art QBF
solver was not able to find solutions for any of the 50 problemsfrom (2, 3)-F((80, 64), 840) within
2 hours (each problem).

We compareWalkMinQBF with the state-of-the-art QBF solversSsolve [6] andQuBE-BJ
[9]. We show thatWalkMinQBF outperformsSsolve andQuBE-BJ in time and in the number
of formulas solved.Ssolve is the solver that performed the best for the 2004 and 2005 QBF
evaluation in the category of random formulas [14].QuBE-BJ performed better thanSsolve on
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random instances on the first stage of the 2004 evaluation butwas not considered for the second
stage.

In Figures 6(a) and (b), we plot the running time (max 2 hours)versus the number of formu-
las solved bySsolve, QuBE-BJ, andWalkMinQBF, for formulas drawn from the(2, 3)-QBF
random model.

Figure 6(a) shows experiments in which the parameterc = 10.5 is fixed and let the number of
total variables be144, 180, 360. We ranSsolve andQuBE-BJ for number of variablesvars =
144, 180, for formulas with144 variablesSsolve solved 24 out of 50 formulas andQuBE-BJ
solved 20, for ones withvars = 180 variablesSsolve just solved 3 formulas andQuBE-BJ
solved 4.WalkMinQBF solved 49 formulas forvars = 144, 48 formulas forvars = 180 and 19
for vars = 360.

Figure 6(b) shows experiments in which the number of variables is fixedvars = 144 and we
vary c to c = 10, 10.3, 10.5. For the most difficult formulas at ratioc = 10, WalkMinQBF solved
34 of these instances.

Figure 6(c) and (d) shows the results of running the three solvers on formulas fromModel A
andModel Brespectively for a maximum of one hour (each formula). ForModel Awe used 5-QBF
formulas (each clause has 5 literals) with 150 variables andclause ratiosc = 6, 8. We setj = 2, that
is all clauses with less than 2 existential literals were discarded and replaced. ForModel B, we used
100 variablesc = 10, 10.5 andj = 3, that is, all clauses have exactly 3 existential variables and
2 universal variables. Note that these instances can be obtained also from the random (2,3)-QBF
model by usingρ = 1.0. We are usingj = 3 in Model B, because whenj = 2 the three solvers
found the instances to be very easy. This is probably due to the fact that the existential formula is a
2-SAT formula.

5 Conclusions and future work

We presentedWalkMinQBF, an algorithm to prove unsatisfiability of two-alternationQBF for-
mulas. The algorithm combines the power of stochastic localsearch methods and complete SAT
solvers. We have also developed a local search algorithm forthe MIN-SAT problem. We tested
WalkMinQBF on hard random instances showing thatWalkMinQBF outperforms current solvers
on these problems.

Most DPLL-based QBF algorithms lack heuristics to detect the inconsistencies that we have
found in hard random unsatisfiable formulas. We believe thatthe heuristics we have developed
could be incorporated into a complete QBF solver. It should be possible to generalize these heuris-
tics for (a) more general random QBF formulas and, (b) some class of real-world formulas.

Finally, in this work, we fixedkcnfs as the complete SAT solver of choice forWalkMinQBF,
sincekcnfs is one of the best solvers available for random unsatisfiableformulas. An interesting
question left open by our work is whether or notWalkMinQBFwould exhibit better performance
on other QBF instances, when another SAT solver is used.
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