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Abstract.  Metric Labeling problems have beenintro duced as a model
for understanding noisy data with pair-wise relations betweenthe data
points. One application of labeling problems with pair-wise relations is
image understanding, where the underlying assumption is that physically
close pixels are likely to belong to the same object.

In this paper we consider a variant of this problem, we will call Parallel
Imaging, where instead of directly observing the noisy data, the data
undergoes a simple linear transformation rst, such as adding dierent
images. This class of problems arisesin a wide range of imaging prob-
lems. Our study has been motivated by the Parallel Imaging problem
in Magnetic Resonancelmage (MRI) reconstruction. We give a constant
factor approximation algorithm for the caseof speedup of two with the
truncated linear metric, motivated by the MRI reconstruction problem.
Our method useslocal seard and graph cut techniques.

1 Intro duction

In this paper we proposea problem, we will call Parallel Imaging, that
combines features of the Metric Labeling problem with linear algebra.
Metric Labeling problems have been studied extensively [8,2,5, 6] with
one of the primary applications for image processing.In the image pro-
cessingapplication the data obsered is assaiated with ead pixel of an
image (such asintensity, depth, etc). Given noisy data about the image
we want to recover the most likely original data. Motiv ated by a model
of images via Markov Random Field [9] this imaging problem is often
solved via an energy minimization approach called the Metric Labeling
problem that combines features of the assignmen and graph partition-

ing problems. In this paper, we consider a variant of this problem where
there are multiple independert data values assaiated with eac node
of the graph, and we are observing di erent linear combinations of the
assciated data at ead node.

Our original motivation for studying this problem came from Magnetic
Resonancelmaging (MRI), animportant medical technology widely used
for both clinical and researd applications. For many medical applications
its essetial to reduce scantime mainly due to reducing motion artifacts.
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To speedup the image acquisition MRI technology usesmultiple parallel
scans. Raj, Singh and Zabih [10] shov how this parallel MRI imaging
problem givesrise to the kind of the labeling problem discussedin this
paper where the number of obsenations assciated with ead node is the
speedup factor usedin the process.Our main result is a constant factor
approximation algorithm for the caseof this problem speeding up image
acquisition by a factor of two.

The Metric Lakeling Problem. The Metric Labeling problem is de ned
as follows. We are given a graph G and a label set L. Our goal is to
assciate a label value f (v) 2 L with each node v of the graph G. There
are two competing factors in de ning the most appropriate label for a
node. First, the label f (v) should be identical, or at least similar to an
obsened data value o(v). Second,neighboring nodesin the graph should
obtain similar labels. These goals are expressedby an \energy" function
of the form: Assignmert Cost + Separation Cost =

X
Ay (f (v);0o(v)) + wed(f (v); f (u)):

v2Vv e=(uv)2E

Here Ay(; o(v)), or sometimeswe only write Ay( ), is an assignmen
cost of assigning label to a node v with observed label o(v). The as-
signmert costis trying to encouragea labeling that is closeto the obser-
vation. The goal of the secondterm is to encourage neighboring nodes
to have the same or similar labels. The function d(; ) is the distance
betweenlabels, and we will assumethat this distance is a metric, and the
value we for an edgee = (u;Vv) expressesthe strength of the connection
betweenu and v, the strength of the penalty for assigningu and v (very)
dierent labels.

Image Reconstruction Problem. In imaging problems, an image is
modeled as a graph whose vertices are the pixels of the image, and
the neighbors of a vertex are either 4 or 8 pixels around. Labels can
represert a variety of properties of the assaiated object, such as color,
intensity (darkness), or distance from the camera. In this paper we con-
sider black-and-white imaging problems, such as the images obtained
by the MRI technology, and will use integers (intensity or darkness) as
labels. For such problems, the most commonly usedterm for the assign-
ment penalty function A, (:;:) is the square norm (f (v) o(v))2, where
assignmen cost is then

Av(f (v);0(v) = jif  ojis:
v2V
This assignmern cost is motivated via the probabilistic roots of the la-
beling problem. If the observed labeling o(v) is generated from a labeling
f (v) by adding Gaussian random noise, then the above assignmern cost
is proportional to the probability that f (v) is the original labeling, as-
suming we seeobsenation o(v).
The separation term expressesthe goal that most pairs of neighboring
nodes should have same or similar labels. In the context of imagining,



Parallel Imaging Problem

this is a reasonable expectation as most useful images have only a few
objects (e.g., the organ that is subject of the MRI, and some of the
neighboring organs), and pixels belonging to the same object or same
body part typically have the same or similar labels. One simple option
is to use the linear metric d(u;v) = jf(v) f(u)j. However, a more
robust metric is the truncated linear metric d(; ) = min(M;j i)
where M is a parameter of the problem. Here, small changesin labeling
come with a small penalty, as small change in label can re ect gradual
changesin the object, but the bigger the changeis, the more likely that
we have an object boundary. However, oncethe di erence of the assigned
labels is large enough, it does suggestan object boundary independert
of the actual size of the di erence. Our goal is to only have few object
boundaries. This suggeststhat after somedi erence, the penalty should
remain constant and not grow further with the di erence in labels. This
robustnessof the truncated linear metric helpsin obtaining sharp object
boundaries of the resulting images.

Our problem: Parallel Imaging Problem. In MRI, when an image is
scanned with double speed, instead of getting the data on ead pixel,
we obtain a linear transform of the image. In particular, a receiver is
observing an image whose width is equal to half of the the width of the
original image, obtained by adding these two strips of the original image
with somepositive coe cien ts depending on the position of the receiver.
See[10] for more details. Hence,in order to reconstruct an image, we need
data on more than one receiver. Assume we have k receivers with the
corresponding linear transform Hi;::; Hx and the observed data vectors
01;:5; Ok
Now, we model an image as two identical copies G1; G2 corresponding
to the strips of the image. And we usethe following convention if v, is a
node in G; then v; isits copy in G, and vice versa.Let f : Vi[ V! L
be a labeling. Without noise, the linear transform H; at receiver j adds
the labeling of vi and v» with some positive coe cien ts h;y, and hjy,
for all pairs of vertices to get oj (V) = hjy, f (v1) + hjy,f (v2).
Similar to the traditional Metric Labeling problem, our goal now is to
nd alabeling f to minimize tpe sum of assignmert cost and separation
cost. The assignmert cost is : i jiHif  ojj%. And the separation cost
is the sum of the separation cost of f in G; and G, as discussedabove.
More precisely, we needto nd a labeling to minimize

X X
jiHif o oji*+ Wy d(f (v); f(v)):
j uv2Gi[ Ga

We call this problem Parallel Metric Lakeling if d is an arbitrary metric,
and Parallel Imaging if d is a linear truncated metric. The main result of
this paper is a constant approximation for the Parallel Imaging problem.

Note. We simplify the problem a bit by considering each \strip" of the
original image as a separategraph Gi, that are not related to eac other.
This simpli cation ignores the edgesconnecting the strips, but only a
very small fraction of the edgesare ignored, so the method should still
lead to good image quality.
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Related works. In this paper, we consider a class of applications where
data is obsered via a linear transformation. Traditional reconstruction
models for such data do not usepriors. Giventhe data f , the obsenation
is through a linear transformation Hf , whereH is a non-negative matrix.
The traditional reconstruction usesa least squaresapplication to recon-
struct the data: Given observed data o, the method looks for the labeling
f that minimizes jjo Hfjj3. We consider a problem, which adds priors
to the above least squaresimage reconstruction. This problem combines
the combinatorial problem of Metric Labeling with added linear algebraic
features. The problem was intro duced by Raj, Singh and Zabih [10]. In
this work they developed practical heuristics for this problem based on
ideas from Metric Labeling.

The Metric Labeling problem was intro duced in [8], and studied exten-
sively [2,5,6,8]. The problem is N P-hard for general metric. The best
known aprﬂoximation algorithm for the problem is an O(logjLj) [8] and
hasno (° logn) approximation unlessN P has quasi-polynomial time
algorithms [2]. Many special casesof the Metric Labeling problem have
been considered: [3,7,4, 6], among which [3] and [6] are the closestto
ours.

Boykov, O. Veksler, and R. Zabih [3] were the rst to develop a lo-
cal seard technique, called -extension, for the Metric Labeling prob-
lem. For linear truncated metrics, Gupta and Tardos [6] extend the \ -
extension" local move to \in terval" local move to obtain a constant ap-
proximation. These techniques are discussedin details in section 4. Our
result is a nontrivial extension of [6]: our assignmert cost depends on
pairs of nodes As will be shawn, there is a method to reduce our prob-
lem to the traditional Metric Labeling on a dierent metric. However,
this metric does not have an embedding with a constant distortion to
tree metric asin the caseof truncated one and therefore, one cannot get
a constant approximation using this approach. In order to give a con-
stant approximation, we needto develop a new graph construction for
the new assignmert cost, and extend the interval-local move intro duced
in [6].

Organization. The rest of our paper is organized as follows: In section
2 we show that our problem can be reduced to the traditional Metric
Labeling, but this only givesa logarithmic approximation. In section 3,
we give a graph construction for our new assignmert cost. This is a basic
step for us to develop a local seard algorithm in section 4.

2 The Parallel Metric Labeling Problem

In this section, we show that the Parallel Metric Labeling problem can be
thought of as a traditional labeling problem with a larger label set and
a di eren t metric. Viewing the Parallel Metric Labeling as a traditional

labeling problem on a bigger label set immediately implies that known
techniques for Metric Labeling to give a logarithmic approximation for
the problem. However, using the larger label set doesnot allow us to take
advantage of the special structure of the linear truncated metric needed
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for a constant factor approximation, but this way of thinking about the
Parallel Labeling problem will still be useful in the subsequen sections
on de ning our combinatorial algorithm (based on graph cuts and local
seard).

Now, if instead of considering a labeling as a function on the vertices of
G1 and G2, we consider it as a mapping from the vertices of a single
copy to pairs of labels. The new set of labels is now the set of pairs of
numbers. The assignmen cost depending on these two numbers is now
a function of a new label. Given two vertices u an v with the labeling
(1; 1) and ( 2; 2), the separation cost is

d2(( 17 2);( 15 2) =d( 1; 1)+ d( 2; 2):

Now, if d is a metric on L then d, de ned as above is also a metric on
L2. Therefore, given a Parallel Metric Labeling problem with a metric
d, we can understand the problem as an instance of a traditional Metric
Labeling problem with the metric d, on a larger set of labels. Using the
approximation algorithm for the Metric Labeling problem in [8], we have
the following result:

Theorem 1. Thereis a O(logjLj) approximation for the Parallel Metric
Labkeling problemwith any metric d. When d is a truncated linear metric,
which is the Parallel Imaging problem, we geta O(log M ) approximation,
where M is the truncation parameter.

Proof. Due to [8], there exists an algorithm for the Metric Labeling prob-
lem that approximates the best solution up to a factor of O(distor t),
where distor t is the distortion of a probabilistic embedding of the metric
in to random trees.

Any metric on K vertices can be probabilistically embeddedinto to ran-
dom trees with distortion logK . This givesthe O(logjLj%) = O(logjLj)
approximation. It is not hard to seethat the 2 dimensional truncated
linear metric can be embedded into random trees with distortion of
O(log M), which provesthe theorem. t

3 The Problem with Linear Metric is Solvable

We now consider the Parallel Metric Labeling problem where the metric
is the linear metric, i.e., d(; ) = j j. We will give a graph cut
construction that allows us to get the optimal labeling.

Ideas of using graph cut to nd abestlabeling have beenusedin Boykov
et al. [3], Ishikawa and Geiger [7], and Gupta and Tardos [6] for the
traditional labeling problem. These approaches use the following basic
construction:

The hasic construction. The basic idea is to build a chain for each
vertex as follows. For eadh vertex v, build a chain vi;v?; vt of length
L represerting the possiblelabelsthat the vertex can be assignedto. We
also add a super source s and a super sink t to the network as shown
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in Figure 1(a). Consider the following correspondencebetween(s;t)-cuts
and labelings:

A labeling f : V I L assignsvto , (f(v) = ) if and only if the
edgev v *! isin the corresponding cut. Here we use the notation that
vt = t for all nodesv. To make sure that the mapping between the
labelings and the graph cuts is well de ned, we needto guarantee that for
every node v there is exactly one edgeof its corresponding chain in the
cut. To do this, we add the edgesv ** v with in nite capacity. Further,
we do not want to cut edge(s; v!), sowealsoassignan in nite capacity to
this edgein both directions. Now we have a one-to-one mapping between
nite cuts and all the possible labelings.

New assignmentcost. In the traditional Metric Labeling problem, as-
signmert costis a function of the label of one vertex: Ay ( ). This canbe
captured easily by assigning a capacity of A,( ) to the edges(v ;v *!)
[3,7]. Now, recall from section 2, our new assignmeri cost is a function
on pairs of labels: If v; is labeled ; v, is labeled ,i.e., f(v) = (; ),
then the assignmen cost is

X L X )
Av(f(v) = JiHif(v) oMWi“=  (hjvy; *+hjv, o) D

j=1 i=1

This assignmen cost cannot be separatq_dinto terms that dependson
and separately, asthere is the term 2 jk=1 hjv,hjv, = ¢ . Note
that ¢, > 0 by the assumption that all the matrices H; are nonnegative.
The new obsenation is that we can modify the chain construction above
to capture this assignmen cost: For node v1 2 G; we connect the chain
of nodesvi;:::vt asdescribed by the above construction. However, for
node v» 2 G, we connect the chain backwards, reversing the rolls of s
and t in the construction for the copy G» as shown in Figure 1(b). If a
cut separatesnodesyv; andyv, 1 then the corresponding labeling assigns
vi to label . Note that the chain for v, starts its numbering from the
t side, and increasestowards the s side, and we are using the notation
that vi*™ = t and v;™ = s for all nodesv. To model the assignmer
cost, we now add a complete graph betweenthe chains of v and v, with
capacity ¢,=2 on eact edge.The cut corresponding to labeling f (v1) =
and f (v2) = cuts + (L )(L ) of these edges,so these edges
contribute a total of (2 L L + L?2) to the capacity of the cut.
After adding the above edgesbetweenthe pairs of chains, the remaining
terms in the assignmern cost can be written asthe sum of two functions
dependingon and separately. Any such assignmen cost can be cap-
tured exactly via the capacity of the edgesin the two chains. However,
these costs may now be negative. Consider a chain, say corresponding to
node v; that has some of the resulting edge capacity negative. To make
all capacities nonnegative, we will add the same positive number to ev-
ery edgeon the chain. This change adds a constant to the capacity of all
cuts, asead nite cut usesexactly one edgein every chain.

Sepration cost. As shown in [3,7], the technique of building chains
can also help us to capture some classesof separation cost function. For
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simplicit y we consider the caseof linear separation costd(; ) =j j-
In this case,consider an edge of the original graph e = (u;v), we know
that the chains corresponding to u;v are in the sameorder, becausethey
are both in the samegraph G; or G,. We add edgesu v ; 8 2 L with
the capacity of we. Note that if a cut usesu u ** and v v *', then
these edgescontribute to the cut a total capacity of wej j, which
is exactly the separation cost of the corresponding labeling. SeeFigure
1(c).

S S S
vt ‘ vt Ut
L graph
Y VL u L
t t t
) (b) © (d

Fig. 1. Constructions for the problem with linear metric.

We combine the constructions described above as shovn on Figure 1(d).
We use the construction for new assignmen cost and the construction
of for separation cost to get the following theorem:

Theorem 2. The Parallel Metric Lakeling problem with linear metric
and can be solved in polynomial time via a graph construction such that
the minimum cut of this graph is equal to the minimum cost of the labeling
plus a constant. t

4 Constant Appro ximation via Local Search

In the previous section, we give a new graph construction whose min-
imum cut gives the optimal solution of the Parallel Metric Labeling
problem with linear metric. The problem is, however, N P hard for the
truncated linear metric. Local seard has been proved to be a successful
method for this type of problems. Our algorithm also usesthis approach.
First let us explain some of previous works that use the local search
method for the traditional Metric Labeling problem.

Local Search. For uniform metric d, (d(i;j)= 1i i 6 j), Boykov et al
[3] give a local seard algorithm that tries to relabel somevertices to a
label . Such bestlocal move can be found via graph cut algorithm. The
graph construction is shown in Figure 2 (a): For eat edge(u; v) we build
a node p,y and connect it with u;v and the super sink s. The weight
of spuv, Upw , Vpw are d(f (u);f (v));d(f (v); );d(f (u); ) respectively,

7
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where f (u); f (v) are the current labeling of u and v. The edgessu; sv
have weights of the current assignmen cost of u and v, while tu; tv have
weights of the assignmen cost of u and v if assignedto the new label
. Given a cut X such that s 2 X, in its corresponding relabeling, a
vertex u is relabeledi u 2 X. The main obsenation is the following:
Becaused is a metric, the weights of spu , Upuw , VPu Satisfy the triangle
inequality. Thus, any minimum cut separating s and t would cut at most
1 edgeamong these three edges.And therefore a minimum cut captures
exactly the cost of the corresponding relabeling. As a result, a bestlocal
move can be found by a single minimum cut algorithm.
For truncated metric with the truncated parameter M, Gupta and Tar-
dos [6] extended the local move above to an \in terval" local move, where
at every step they pick a random interval | of length M and try to re-
duce the cost of a current labeling by changing some vertices to labels
in 1. They construct a graph to nd a local move. SeeFigure 2 (b). It
is shown that although a best labeling could not be found, approximate
optimal local moves are enough for a constant approximation. The idea
of the analysis is analogousto that of Boykov et. al. For a locally optimal
labeling, consider a random interval | and usethe fact that relabeling all
nodesthat have labels 2 | in the optimum, doesnot yield a cut with
improved cost. The main new obsenation is that for a random interval,
the probabilit y that there is an error in the term assciated with an edge
e = uv in the cut construction is 1=M times the distance d(f (u);f (v))
betweenthe labels assignedto its nodesin the optimum. This fact is used
to show that the expected error is proportional to the optimal separation
cost.

S
s Vi +1 ui +1
% V
t vl ul
t
(@) (b)

Fig. 2. Constructions for the local seard technique.

Our local move and the construction for a local move

Our approach is similar to theseresults. There are, however, somedi -

culties that we needto overcome. First, our assignmert cost dependson
pairs of nodes. To solve this we use the idea developed in the previous
section to construct a new graph whose cuts approximately capture the
cost of relabeling. Second, we needto modify the \in terval" local move
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in [6] for our problem. To seewhy a naive extension of the interval local
move doesnot work, considera local move that picks a random interval |
from 1;:;;L and nds an approximately good relabeling to this interval,
i.e., changing somelabelsto labelsin |. This will not give us a provable
approximation algorithm. For example, when reassigninga node in Met-
ric Labeling, we capture the assignmen cost exactly, while here a node
v in G needstwo labels: one of vi and one for v,, and maybe only one
of the two is in the interval | . To capture the two dierent labels for a
node v, we do the following:

Pick two random intervals | ;J of length at most M eat. We
will allow in one local move to relabel pairs of vertices (v1;V2)
where v1; Vv, are copiesof vertex v in the original graph G, to a
new pair of labels(; )21 J.

To describe the construction let us x intervals |;J. Our main goal is
to give a construction where local moves correspond to cuts and the
capacity of each cut has only a small additive error compared to the
corresponding local move. The construction is showvn on Figures 2 (c)
and (d). For vertex v, we add two chains fvi;:;vig and fvs;:;vig,
as showvn on Figure 2(c), to the graph G, ;. We also add vertex py
connecting to vi and v5. Connect the super source s to p, with the
capacity Ay (f (v)), where f (v) is the label currently assignedto vertex
v, and A, (f (v)) is the corresponding assignmen cost. Connect vi and
v3 to the super sink t. We use the notation: vi** = t;v5** = py.

We would like to have the following one-to-one correspondence between
cuts and labelings. The cut C usesthe edgesp, if and only if v retains its
label f (v) and usessomepair of edgesv; v, "1 and Vv, = v,,where(; )2
I J,if vi and vz is reassignedto labels (; ) in the corresponding
relabeling. To make sure exactly one of the conditions above occurs, we
needto assignin nite capacity to someother edges.This step is similar
to the constructions above. We now need to add more edgesto capture
the assignmert cost and separation cost.

Assignment cost. This construction is similar to the construction of the
linear casein the previous section. We want to capture the assignmen
cost of v as given in the formula (1): We add a complete bipartite graph
betweenfvi;::;vigand fvs;::;vig as shown on Figure 2(c). The edges
go both ways between v, and v, with capacity <. The cortribution
of these edgesto the cut corresponding to the relabeling to (; ) is
Y o+ (L )L D= o + ¥(L® L L ). The remaining
terms in the assignmert cost depend on and separately, so we can
usethe edgesof the chain to capture the assignmen cost. To make sure
all capacities are nonnegative, we may have to add a constant to the
cost.

Sepration cost. For ead edgein the original graph e = (u;v) let us
consider the following construction shown on Figure 2(d): Add edges
betweenthe chains of u and v: u; vy, u,v, forall 2 1; 2 J. These
edgesare bidirectional and have a capacity of we.. We also add one more
vertex pu , and connect p,y with py;py and s in both directions. The

9
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capacity of the edgespuy is wedz(f (u);f (v)), (that is f's separation cost
on the edgee); of pu pv Puw Pu are 2M we. These three numbers satisfy
the triangle inequality. Therefore, at most one of the three edgesadjacert
to pw is cut. This implies that for a minimum cut C and for eacth edge
(u; v) one of the followings could happen.

{ All of pw , pu and p, areonthe s side of the cut. In the corresponding
relabeling both u and v get new labels. In this case,the cut perfectly
captures the separation cost.

{ s is on one side and pu;pv;puw are on the other side. In the cor-
responding relabeling the label of u and v do not change, and the
capacity of the edgespyy, captures exactly the separation cost.

{ puw is on the s side, and so is exactly one of p, or py, sa& pv. See
Figure 2(d). In the corresponding relabeling, u keepsits original
label, while v getsa new label. For this case,the cut doesnot capture
exactly the separation cost. However, it is not hard to seethat the
capacity exceedsthe separation cost, and the total corresponding
capacity is 2weM from edge (puw ;pu) and at most we(2M) from
the edgesbetween the chains, while the cost of the corresponding
labeling is wed(f %(v); f (u)), where f %(v) is the new label that v gets.

We have seenthat the construction above doesnot capture exactly the
cost of a local move. For an edgee = (u; V), when one of the nodes (say
u) retains its label and v is labeled with some elemert f%v) 2 1  J.
In this casethe separation cost is always greater or equal than the real
separation cost of e. And this value is at most 4M we: We summarize
this in the following theorem:

Theorem 3. Given a labeling f, and 1 J L2 where | and J are
of size at most M, then there exists a network G, ; and a constant
CONST with the following properties. All labelings g that can be reached
by relakeling to I  J correspnd to cuts in G, ; with capacity at least
the Q(g) + CONST. If g is a labeling obtained by a local move, then
the capacity of the correspnding cut overestimates Q(g) + CON ST by
replacing the sepration cost of wed(f °u):f %(v)) for edgese = (u;v)

where exactly one end receivesa label in I J by a possibly larger term
which is at most 4weM . And nal ly, the minimum s t cut in G, ,
correspnds to a labeling. t

The algorithm and its analysis

We use the above construction in a local seard algorithm. At ead step
we pick two intervals | ;J randomly according to De nition 1 below and
nd the minimum cut in the graph G, ;. If the corresponding labeling
has a lower cost, then changethe labeling to this new one. The algorithm
stops if we cannot nd an improving move.

De nition 1. Given a parameter D, a random partitioning process of
the grid L? into smaller grids according to D is de ned as follow. Pick
r=(; )2f1;:;Dg? uniform-r andomly, for each k (mod D), and
I (mod D), delete all edgesin the row k, and column | of the grid.
The L2 grid now is partitione d into smaller parts, each of them is a grid



Parallel Imaging Problem

of the form | J for someintervals |;J. We call this set of small grids
Partition (r). A random rectangle is understood as a random grid taken
uniformly from a random P artition (r).

We prove the following main theorem:

Theorem 4. Any local optima f of the local search algorithm above with
D = M has cost Q(f) that is at most constant times the optimal cost:
9Q(f ). For any constant > 0, a solution with cost at most (9+ )Q(f )
can be reachal in polynomial time.

Pro of sketch We rst need the following notation. For any subset
X V, let A (X) and A(X) be the optimum and the current la-
beling assignmen cost of the vertices in X. For any subset of edges
Y E, let S (Y);S(Y) be the separation cost for those edges paid
by the optimum and the current labeling respectively. Clearly, Q(f) =
A(V)+ S(E);Q(f )= A (V) + S (E): Consider the casewhere the al-
gorithm choosesa random rectangle | J . Let V|, be the set of nodes
in G to which f assignslabelsfrom | J. Let E;; be the set of edges
in G such that both endsare assignedto | J inf .Let ;; bethe set
of edgein G such that exactly one end is assignedto | J inf . For a
random partition r, let betl’lge edgesin E;; for all rectangles! J in
Partition (r), we have: = 1 | |, 5. sion (ry 193¢

Given two intervals | ;J, de ne the following local move.

fo(v) iff (vy21 J

0, —
) = f(v) otherwise.

The 9-approximation guarantee follows from comparing Q(f ) and Q(f 9
for every 1;J. If we could nd a minimum local move exactly then the
local optimalit y of f would imply the inequality : Q(f)  Q(f 9 for every
I;J. However, the graph cut construction only givesus an approximate
minimum local move (Theorem 3). As a result, we only have a weaker
inequality. For every | ;J the cost Q(f) is no more than the cost of the
labeling corresponding to the minimum cut in G, ;. The cost of all
cuts corresponding to local moves have the same additiv e constant. In
addition, thepcost Q(f 9 of the local move f ° can have an additiv e cost
at mostdM  ,  We S 13), where SU ;) denotesthe separation
cost of f ® on the set of edges ;. The labeling f is locally optimal, and
hencewith this additiv e cost the local move f ° doesnot correspond to a
smaller capacity cut. This givesus the following inequality

X
Q(f) QU9+ 4M we S% 13):

e2 |y

Expressing the terms contributing to Q(f ) and Q(f 9, and deleting terms
that contribute to both we get the following:

X
AMiy)+ S(E)+S(13) A M3)+S (Es)+4aM We:

e2 |3

Summing this inequality over all the rectangles in Partition (r), we get

the following, asthe edgesin |, ead contribute to two interval pairs.
X
Qf)+S(+) A(M)+S(E )+8M We:

e2

11
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X

) Q(f)+S(r) A(V)+S (E)+ 8M We:
P e2
Now, we needto bound the error term 8M ., we: This value depends
on the partition. Recall that we picked r 2 f1;::; M g? at random. We
will bound the expected value of this term. What is the probabilit y that
an edgee = (u;v) is in ? This probability depends on how far the
coordinates of f (u),f (v) arefrom ead other. More precisely, if f (u) =
(15 1);f (v) = (25 2), then (u;v) 2 (r) if either 1; 2 0r 1; 2
are separated by a random border as described in De nition 1. The
probabilit y of this event is at most:

minfM:j 1 2jg  minfMij 1 ojg _ d(f (u)if (V) _ de.
M M M M-

P
Tlf_u,us one has the expected value of 8M  _, Wwe is at most 8S (E) =
8 4, , Wede: Taking the expected value of the |nequallty above we have:

Q(f) Q)+ sS( ) A(V)+S(E)+8S (E) 9Q(f );

which provesthat a local optimum is a 9-approximate solution.

Taking only big enough improvemerts, the algorithm will nd in poly-
nomial time a solution that is within an 9+ factor to the optimum
value. u

Acknowledgments. We thank Ramin Zabih for intro ducing this prob-
lem, and Gurmeet Singh and Ashish Goel for numerous discussions.
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