
On the Disjoin t P aths Problem

Thành Nguy en

�

Cen ter for Applied Mathematics

Cornell Univ ersit y .

Abstract

Using �o w and matc hing algorithms to solv e the problem of �nding disjoin t paths

through a giv en no de, and with a tec hnique of Chekuri and Khanna, w e giv e an O(
p

n)
appro ximation for the edge disjoin t paths problem in undirected graphs, directed acyclic

graphs and directed graphs with edge capacit y at least 2.

Keyw ords: Edge disjoin t paths, appro ximation algorithm, �o w, matc hing.

�
Thành Nguy en, Cen ter for Applied Mathematics, 657 Rho des Hall, Cornell Univ ersit y , NY 14853, USA. Email:

thanh@cs.cornell.edu

1



1 In tro duction

The disjoin t paths problem is a classical, imp ortan t problem in com binatorial optimization and has

sev eral applications. The problem is de�ned as follo ws: Giv en a directed (or undirected) graph

G and k no de pairs (si ; t i ); i 2 f 1; ::; kg, �nd k disjoin t paths connecting all the (si t i ) pairs. The

optimization v ersion of this problem is to �nd the largest subset of the k pairs so that there exist

disjoin t paths connecting the selected pairs. The e dge disjoint or no de disjoint v ersions of this

problem refer to the t yp es of disjoin t-ness of the paths w e require.

Both edge, and no de disjoin t v ersion of the problem are w ell kno wn to b e N P -hard. There

has b een m uc h w ork on appro ximabilit y ratio, ho w ev er there is still a h uge gap b et w een upp er and

lo w er b ound in some cases. W e �rst list the b est kno wn lo w er b ounds of the appro ximation ratio.

(In the follo wings m is alw a ys mean t to b e the n um b er of edges, and n is the n um b er of no des in

the underlined graph.)

� Gurusw ami et al [5] sho w ed that the edge disjoin t paths in dir e cte d gr aphs cannot b e appro x-

imated within a factor of 
( m1=2� � ) unless P = N P . Ho w ev er, the construction in [5] is a

sparse graph, th us this only implies a 
( n1=2� � ) hardness result. In the capacitated v ersion

(where the capacit y limits the n um b er of paths that can use a single edge or no de) no hardness

results are kno wn, if eac h edge of the directed graph has a capacit y at least 2.

� Ma and W ang [8 ] pro v ed that the edge disjoin t paths problem in directed acyclic graphs is

hard to appro ximate within a factor of 
(2 log 1� � n ) assuming N P =2 DT IME (npolylog (n ) ) .

� Recen tly Andrews et al [1 ] sho w ed that for undirected graphs the edge disjoin t path problem

is hard to appro ximate within a factor of log1=2� � n assuming N P =2 ZT IME (npolylog (n ) ) .

The �rst appro ximation algorithm is a gr e e dy algorithm due to Klein b erg [6 ] guaran teeing ap
m appro ximation solution for b oth the directed and undirected case. The algorithm rep eatedly

c ho oses the shortest path and deletes it from the graph. Recen tly t w o pap ers [3] and [10 ] impro v ed

the analysis of this greedy algorithm to get an appro ximation ratio of

~O(min( n2=3;
p

m)) . Here

w e giv e a non greedy com binatorial algorithm for the problem that w orks for undirected graphs,

directed acyclic graphs (D A Gs), and directed graph with edge capacit y at least 2. It impro v es the

previous kno wn appro ximation ratio and help us understand the structure of the problem more.

F or the case of D A Gs, Chekuri and Khanna [3] ga v e a non-greedy appro ximation algorithm for

the disjoin t paths problem, using a subroutine, whic h they call v-sep ar able v ersion of the problem.

In this pap er w e use a di�eren t name: the pr oblem of disjoint p aths thr ough v , since w e also consider

the undirected case. The pr oblem of disjoint p aths thr ough v is a problem where w e require that

all paths connecting a source-sink pair pass through a giv en no de v . The algorithm of Chekuri and

Khanna [3] w orks as follo ws. They �rst greedily �nd the short paths connecting source-sink pairs,

and delete them from the graph. When there are no suc h pairs left, they consider ev ery no de v and

use the disjoin t paths through v as a subroutine to �nd appro ximately the maxim um n um b er of

disjoin t paths in the remaining graph that pass though no de v . Then they select the v that results

in the b est solution. It is pro v ed in [3 ] that in an y class of graphs, if w e ha v e a c-appro ximate

solution for the disjoin t paths through v problem, then w e get a O(
p

cn) appro ximation for the

disjoin t paths problem in this class of graphs. Chekuri and Khanna in [3] use an LP rounding

tec hnique to giv e an O(log n) appro ximation algorithm for �nding maxim um disjoin t paths through

v in D A Gs, th us resulting in an O(
p

n logn) appro ximation algorithm for the edge disjoin t paths

problem in D A Gs.

In this pap er w e mak e progress in sev eral directions: w e giv e simple c ombinatorial algorithms to

�nd an exact solution for the disjoin t paths through v problem in D A Gs and in undirected graphs.

W e also giv e a 3-appro ximation solution for directed graph where eac h edge capacit y is at least 2.

Th us, w e presen t an O(
p

n) appro ximation algorithms for the three cases men tioned ab o v e. The

problem of �nding O(
p

n) appro ximation algorithm for directed graph with edge capacit y of 1 is

op en.

2



Other related results Chekuri, Khanna and Shepherd [4] ga v e an O(
p

n) appro ximation for

EDP in undirected graphs and D A Gs. In this pap er w e establish the same b ounds for these prob-

lems. Our result for D A Gs w as found indep enden tly of [4]. Moreo v er, w e use di�eren t tec hniques

that impro v e the m ultiplicativ e constan ts, and our metho ds are easier to implemen t: Whereas [4]

uses an LP relaxation, our approac h can b e implemen ted b y standard �o w and matc hing algorithms.

Leigh ton et al [7 ] use a randomized rounding tec hnique to giv e an O(
p

n) appro ximation algo-

rithm for the directed disjoin t path problem with congestion 2. (Eac h path uses only half of the

capacit y of the edges). Since the algorithm in [7 ] is based on an LP relaxation, this also implies

that an O(
p

n) appro ximation follo ws for directed graph EDP with edge capacities at least 2. Azar

and Regev [2 ] ha v e also obtained a com binatorial strongly p olynomial time algorithm for this latter

problem with a similar b ound. By extending an observ ation in [3 ], w e obtain an alternativ e O(
p

n)
appro ximation algorithm for EDP in directed graphs with capacities at least 2.

2 The algorithm

Our algorithm is based on the approac h presen ted b y Chekuri and Khanna in [3 ]. W e greedily �nd

short paths, whose length is smaller than ` (a parameter that w e select later), and delete them from

the graph. When there is no path of length at most ` connecting an y of the remaining terminals,

w e solv e the disjoin t paths through v problem for eac h no de v , and c ho ose the b est solution.

Chekuri and Khanna [3] use a simple coun ting argumen t to sho w that there is one no de through

whic h there are disjoin t paths connecting �man y� of the remaining terminals. Consider the problem

of �nding disjoint p aths thr ough v :

Giv en G , a no de v , k terminal pairs f si t i ji = 1 ; ::; kg, �nd the maxim um subset of the

terminal pairs that there are edge-disjoin t paths connecting the selected terminals all of

whic h go through the no de v .

Chekuri and Khanna [3] sho w that, if w e can giv e a �go o d� appro ximation algorithm for this

problem, then the ab o v e sc heme results in a �go o d� appro ximation algorithm for the disjoin t paths

problem to o. F or completeness, w e include their theorem and pro of:

THEOREM 1 ([3 ]) Ther e is a

p
cn + 1 appr oximation algorithm for the disjoint p ath pr oblem if

ther e is a c-appr oximation algorithm for the pr oblem of disjoint p aths thr ough v .

Pr o of: Consider the follo wing algorithm with a parameter ` that w e'll set later.

Algorithm:

1. Let S = ; ; X = f 1; 2; ::kg
2. While there exists an i 2 X and an si t i path Pi in G suc h that jPi j � ` do

a) A dd i to S and remo v e i from X
b) Remo v e the edges of Pi from the graph G

3. Let G0
b e the resulting graph, for eac h v 2 V solv e the separable instance induced

b y v and X in G0
. Let Sv b e the set of indices of the paths routed through v in the

c-appro ximate solution. Let S0
b e the largest set among Sv

4. Output S [ S0

There are t w o phases in the algorithm. The �rst phase (step 2) is a greedy step, whic h routes

a path as long as they are short enough. The second phase solv es the disjoin t paths through v
problem. T o pro v e the claimed appro ximation ratio let O b e the set of pairs routed in some �xed

optimal solution. Let Ô b e the set of pairs in O but not in S [ S0
. Clearly jOj � j Ôj � j S [ S0j .

Consider the follo wing decomp osition of Ô = O1 _[ O2 , where O1 is the set of pairs in Ô that

ha v e paths whic h share edges with paths connecting pairs in S and O2 is the remaining pairs.
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W e ha v e jO1 j � ` jSj since the path selected for a pair in S is at most ` edge long, and hence eac h

path is S can in tersect at most ` of the paths in the optimal solution. No w all the paths connecting

pairs in O2 are in the graph G0
and their paths m ust b e at least ` long, as there are no short paths

connecting an y of the remaining source-sink pairs in G0
. Using a simple a v eraging argumen t, w e

pro v e the follo wing: there exists a v ertex v suc h that at least

` jO2 j
n paths from O2 pass through v .

By construction, the cardinalit y of S0
is within a c factor of the optim um n um b er of disjoin t

paths that pass through v for v 2 V . Th us,

jS0j �
` jO2j
c � n

) j O2 j �
jS0j � c � n

`

Hence if w e c ho ose ` =
p

cn w e get:

jO1 j �
p

cnjSj; jO2 j �
p

cnjS0j ) j Ôj �
p

cn(jSj + jS0j)

F rom this and jOj � j Ôj � j S [ S0j , w e get jOj � (
p

cn + 1) jS [ S0j , �nishing the pro of.

In the rest of the pap er w e will solv e the problem of �nding disjoin t paths through v for directed

acyclic graphs, and undirected graphs, and directed graphs with edge capacit y at least 2.

3 Algorithm for D A Gs and graphs with large edge capacit y

In this section w e giv e an exact solution to solv e the v -separable instance for acyclic directed graphs,

and graphs with edge capacit y at least 2. Consider the follo wing situation:

Giv en a connected directed graph G , w e sa y that G has a v -sep ar able de c omp osition if G can b e

decomp osed in to t w o sets V1 and V2 suc h that V1 \ V2 = f vg, there are no edges connecting v ertices

in V1 � f vg and v ertices in V2 � f vg and si 2 V1 , t i 2 V2 for all i . See Figure 1.

The follo wing lemma giv es an algorithm to �nd the maxim um n um b er of disjoin t paths and a

min-max relation when G has a v -separable decomp osition. This is a k ey lemma for the algorithms

in this section. W e will need the follo wing notation.

Notation: Let A b e a subset of indices of the terminal pairs, an A -cut is a set of edges separating

all the pairs f (si ; t i ); i 2 Ag. If c(e) denotes the capacit y on edge e, then for a set of edges F , w e

use c(F ) to denote

P
e2 F c(e) .

LEMMA 1 Given a c onne cte d dir e cte d gr aph G , (si ; t i ); i = f 1; ::; kg terminal p airs, assume that

G has a v -sep ar able de c omp osition into V1 and V2 . Then ther e is a p olynomial algorithm to solve

the disjoint p aths pr oblem for this instanc e, mor e over we have the fol lowing min-max the or em:

Maxim um n um b er of disjoin t paths = min
A �f 1::k g;X is an A -cut

c(X ) + k � j Aj:

Pr o of: W e will reduce this problem to the maxim um �o w problem, and th us w e can use the max

�o w algorithm to solv e the problem. The min max theorem then follo ws from the max-�o w min-cut

theorem. Construct the follo wing graph (see the example of this construction on Figure 1). Split

v in to t w o copies v1 and v2 , G no w is separated in to t w o comp onen ts with vi in Vi connected to

those no des in Vi that v w as connected to.

F or eac h terminal pair si ; t i add a directed edge t i ! si with the capacit y of 1. The other edges

ha v e their original capacit y (1 if w e are considering the disjoin t path problem with no capacities).

W e claim that the maxim um �o w from v2 to v1 is exactly the maxim um n um b er of disjoin t paths

connecting terminal pairs.

If w e ha v e k disjoin t paths connecting terminal pairs in the original graph then w e also ha v e a

�o w of v alue k in the mo di�ed graph. No w giv en a maxim um in tegral �o w (a set of paths) from v2

to v1 , it is clear that the set of t i si edges is a dir e cte d cut separating v1 and v2 , th us the max�o w's

4



v v

v2

1

2 31 321

321

321

V

V

V

V

2

1
1

2

Figure 1: Reduction to a �o w problem.

v alue is equal to the n um b er of t i si edges used in the �o w. Hence if w e delete t i si from the �o w,

and iden tify v1; v2 , w e ha v e a solution for the disjoin t path problem in the original graph.

The min-max relation follo ws easily from the max �o w min cut theorem in the mo di�ed graph:

A v1 - v2 cut of the newly constructed graph corresp onds to an A -cut, where A is the set of indices

i suc h that the edge t i si is not in the v1 - v2 cut.

COR OLLAR Y 1 Ther e exists a p olynomial time algorithm to solve the disjoint p aths thr ough v
pr oblem for Dir e cte d A cyclic Gr aphs (D A Gs).

Pr o of: Giv en a directed acyclic graph G a no de v and a set of (si ; t i ) pairs, let V1 b e the set of

no des from whic h there exists paths to v , and V2 b e the set of no des to whic h there exists paths

from v . Delete all the (si ; t i ) pairs for whic h si 62V1 or t i 62V2 . Clearly there cannot b e an y paths

going through v that connect these pairs of terminals. W e can also delete all the edges connecting

V1 and V2 , b ecause no paths going through v use suc h edges. Hence �nding the maxim um n um b er

of disjoin t paths through v in the original graph is equiv alen t to �nding the maxim um n um b er of

disjoin t paths in the mo di�ed graph. The sets V1 and V2 form a v -separable decomp osition of the

remaining graph, and from Lemma 1 w e kno w that there exists a p olynomial time algorithm for

this problem.

No w using the Lemma 1, w e giv e a 3-appro ximation algorithm for the disjoin t paths through v
problem in directed graphs with edge capacit y at least 2. First, w e need some more notation:

Notation: Giv en a directed graph G with edge capacit y c(e) � 2 for all e 2 E and a no de v ,

de�ne:

� G
2 to b e the graph with the edge capacit y de�ned as c0(e) = bc(e)

2 c: Note that c0(e) � c(e)
3 ,

b ecause c(e) � 2 8e.

� G � v G b e the graph de�ned b y taking t w o copies of G : G1 and G2 and iden tifying the t w o

copies of the no de v as one in these t w o graphs, the capacit y of eac h edge in this graph sta ys

the same in b oth copies as in G .

COR OLLAR Y 2 Ther e exists a 3-appr oximation algorithm to solve the disjoint p aths thr ough v
pr oblem for dir e cte d gr aphs wher e e ach c ap acity is at le ast 2.

Pr o of: Giv en a graph G with c(e) � 2 for all e 2 E and a disjoin t paths through v problem on G ,

consider the follo wing algorithm :
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1. Construct the graph

G
2 � v G

2 , and consider the pairs of terminals, where all the sources

are tak en to b e in the �rst cop y and all the sinks are in the second cop y of

G
2 . Note that

the t w o copies of

G
2 pro vide a v -separable decomp osition for this instance.

2. Run the algorithm to �nd maxim um disjoin t paths through v .

3. Output these paths.

W e will pro v e that this is a 3-appro ximation algorithm.

Let P b e the output of the algorithm. Clearly the corresp onding paths in G satisfy the capacit y

constrain ts, hence this is a feasible solution. By the min-max theorem in Lemma 1 there exists a

set of indices A � f 1; ::; kg and an A -cut X suc h that:

jPj = c0(X ) + k � j Aj:

T o pro v e that jPj is within a factor of 3 of the optimal solution, let us consider an optimal

solution for our problem: a set of paths Q . Consider the follo wing set of paths in G � v G : for a

path connecting (si ; t i ) in Q , put the �rst half of the path connecting si and v in the cop y G1 , and

the other half in the cop y G2 . These paths giv e a feasible solution for the disjoin t paths through v
problem in G � v G .

F or an y A -cut, c(X ) + k � j Aj is an upp er b ound on the n um b er of disjoin t path that can b e

routed. Hence w e get

jQj � c(CA ) + k � j Aj:

Recall that c0(e) � c(e)
3 for ev ery edge e, b ecause c(e) � 2 th us w e ha v e:

jPj = c0(CA ) + k � j Aj �
c(CA )

3
+ k � j Aj �

1
3

(c(CA ) + k � j Aj) �
jQj
3

;

whic h pro v es the corollary .

W e summarize the t w o algorithms in the follo wing theorem:

THEOREM 2 F or the e dge-disjoint p ath pr oblem we obtaine d an

p
n+1 appr oximation algorithm

in D A Gs and an

p
3n + 1 appr oximation algorithm for dir e cte d gr aphs with the e dge c ap acity at

le ast 2.

4 Undirected graphs

W e no w giv e an algorithm to �nd the maxim um disjoin t paths through v in an undirected graph.

Here w e will consider the disjoin t path problem (for an extension with capacities replace eac h edge

e with c(e) parallel copies). W e will consider the follo wing no de disjoint v ersion of this problem,

where the goal is to �nd maxim um n um b er of paths connecting some terminal pairs suc h that these

paths in tersect only at no de v . Note that this no de disjoint v ersion of this problem is more general

than the edge disjoin t one, since the edge disjoin t v ersion is equiv alen t to the no de disjoin t v ersion

in a v arian t of the �line graph� of G . F or our purp oses w e de�ne the �line graph� of G as the

graph whose no des corresp ond to the edges of G , and t w o no des are connected if and only if the

corresp onding edges are adjacen t. Ho w ev er, in this case w e also w an t to mak e a few sp ecial no des

corresp onding to the no des si , t i and v of G , and connect eac h of these no des x with all the no des

of the line-graph corresp onding to the edges of the form ux for some u .

In the follo wing w e giv e an algorithm to �nd the maxim um disjoin t paths in the no de disjoin t

v ersion of the disjoin t paths through v problem. First w e giv e the follo wing reduction of this

problem to a matc hing problem. This tec hnique w as also used in [9], w e pro vide the construction

and the pro of for completeness.
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Giv en a graph G = ( V; E) a no de v a set of terminals S = f s1; t1; : : : ; sk ; tk g. Let N b e the

neigh b or set of v , i.e., all no des connected to v in G . W e will de�ne a bipartite graph Ĝ = ( V 0; V 00; Ê )
(see Figure 2 for the construction), where V 0

is a cop y of V � (f vg[ N ) and V 00
is a cop y of V � f vg.

W e will use the follo wing notations: if a no de u , or a set X of no des, is in V � (f vg [ N ) then in

V 0
denote u0

and X 0
the corresp onding no de, or set of no des resp ectiv ely , and similarly for a no de

v , or a set of no des X , in V � f vg then in V 00
w e will use v00

and X 00
to denote the corresp onding

no de, and set of no des resp ectiv ely . W e de�ne the edge set Ê to consist of all the u0u00
edges for

all u 2 V � (f vg [ N ) and edge f u0w00j where uw is an edge in Gg, and u0 2 V 0
and w002 V 00

.

V'

V"

T"

v

N"

Figure 2: Reduction to a matc hing problem.

With the construction and the notations giv en ab o v e, w e will need the follo wing lemma:

LEMMA 2 F or a set of no des T in G , ther e ar e no de disjoint p aths fr om e ach no de in T to N
if and only if ther e is a matching in Ĝ c overing V 0

and a subset of V 00� T 00
, but avoiding T 00

. In

other wor ds, if and only if Ĝ � T 00
has a matching of size jV 0j .

Pr o of: Assume there is a matc hing co v ering V 0
that a v oids T 00

in Ĝ . Let u00
0 b e a no de in T 00

. Since

the matc hing co v ers V 0
, there exist u00

1 2 V 00; u00
1 6= u00

0 suc h that u0
0u00

1 is an edge in the matc hing

and th us u0u1 is an edge in G . Similarly w e can �nd a sequence of edges ui ui +1 ; i = 0 ::l suc h that

u0
i u

00
i +1 is an edge in the matc hing of Ĝ and ul +1 2 N . This is a path connecting u0 and a no de in

N . Clearly for eac h u 2 T w e can �nd one suc h path and these paths are no de disjoin t.

T o pro v e the rev erse direction observ e that if w e ha v e a set of paths P connecting T and N
then the matc hing consisting of f u0w00j where uw is an edge in on of the paths g [ f u0u00j where u
is not in an y paths of Pg is a matc hing co v ering V 0

but do es not co v er T 00
.

No w w e return to our problem: Giv en an undirected graph G , a no de v and a set of terminal

pairs S = f s1; t1; : : : ; sk ; tk g, w e need to �nd the maxim um n um b er of pairs si ; t i suc h that they can

b e connected to N (v) (the neigh b or set of v ) via no de disjoin t paths. The problem no w b ecomes

�nding a matc hing in Ĝ that co v ers V 0
suc h that in the set of unco v ered no des, the n um b er of

(s00
i t00

i ) pairs is maximized. T o do this, w e will consider the follo wing construction:

T ak e the bipartite graph Ĝ in the ab o v e Lemma, and add an edge b et w een eac h pair of no des s00
i

and t00
i for eac h i . Assign a large w eigh t W (for example W := jV 0j + jV 00j ) to ev ery edge connecting

V 0
and V 00

, and assign a w eigh t of 1 to ev ery s00
i t00

i edge. W e ha v e the follo wing lemma:

LEMMA 3 L et M b e the maximum weight matching in the (non bip artite) gr aph c onstructe d

ab ove, and let f si t i ji 2 T � f 1::kgg b e the set of terminal p airs such that e dge s00
i t00

i is in M . Ther e

exist jT j no de-disjoint p aths thr ough v (disjoint other than sharing no de v ) c onne cting the si - t i

p airs, and these p aths ar e the optimum solution for the no de version of the disjoint p aths thr ough

v pr oblem.

Pr o of: First w e claim that M co v ers V 0
. It's clear that the trivial matc hing: f u0u00ju0 2 V 0g has a

w eigh t of jV 0j � W . Th us the w eigh t of M is at least this m uc h, ho w ev er if M do es not co v er V 0
then
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its w eigh t will b e smaller than jV 0j � W , b ecause all the s00
i t00

i edges ha v e a w eigh t of 1 only . No w

due to Lemma 2, there exist 2jT j disjoin t paths connecting f si ; t i ji 2 Tg to the neigh b or of v , and

therefore these paths giv e a solution for the no de v ersion of the disjoin t paths through v problem.

No w w e need to pro v e that this is a maxim um solution. A ccording to Lemma 2, if there exist

some paths connecting a set of f si ; t i : i 2 T 0g to N for some subset T 0 � f 1; ::; kg, then there exists

a matc hing in Ĝ co v ering V 0
but do es not co v er s00

i t00
i ; i 2 T 0

. A dding the edges s00
i t00

i for i 2 T 0
w e

get a matc hing with the w eigh t of jT 0j + jV 0j � W . The matc hing M is of maxim um w eigh t, and its

w eigh t is jT j + jV 0j � W . Therefore jT 0j � j T j , whic h pro v es the lemma.

F rom this Lemma and Theorem 1, w e ha v e the follo wing result:

THEOREM 3 Ther e is an

p
n + 1 -appr oximation algorithm for the disjoint p aths pr oblem in

undir e cte d gr aphs.

A c kno wledgmen ts. The author thanks Chandra Chekuri, Sanjeev Khanna and Bruce Shep-

herd for sharing their man uscript [4 ], and is grateful to Év a T ardos for her help and fruitful con-
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