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Abstract

We consider a model for generating random k-SAT formulas, in which each literal
occurs approximately the samenumber of times in the formula clauses(regular random k-
SAT). Our experimental results show that such regular random k-SAT instances are much
harder than the usual uniform random k-SAT problems. This is in agreement with other
results that show that more balanced instancesof random combinatorial problems are often
much more di�cult to solve than uniformly random instances, even at phase transition
boundaries. There are almost no formal results known for such problem distributions. The
balancing constraints add a dependency between variables that complicates a standard
analysis. Regular random 3-SAT exhibits a phase transition as a function of the ratio �
of clausesto variables. The transition takesplace at approximately � = 3:5. We will show
that for � > 3:78 w.h.p.1 random Regular 3-SAT formulas are unsatis�able. We will also
show that the analysis of a greedy algorithm proposed in Kaporis et al [KKL02 ] for the
uniform 3-SAT model can be adapted for regular random 3-SAT. In particular, we show
that for formulas with ratio � < 2:46, a greedy algorithm �nds a satisfying assignment
with positive probabilit y.

1 In tro duction

The intro duction of newmethods for generatingrandom hard instancesis an important factor in
the development of new search algorithms for satis�abilit y testing (SAT) [LBS04]. In addition,
randomly generatedSAT problems provide important insights into typical casecomplexity.

The most popular model for generatingrandom SAT problems is the uniform k-SAT model,
formed by selectinguniformly and independently m clausesfrom the set of all 2k

� n
k

�
k-clauses

on a given set of n variables. Such randomly generatedinstancesexhibit a \phase transition"
as a function of the ratio � of clausesto variables [MSL92]. Uniform k-SAT problems with a

1The events En hold with high probabilit y (w.h.p.) if Pr (En ) ! 1 when n ! 1 .
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Figure 1: (a) Median of the number of branchesneededto solve Reg 3-SAT versus3-SAT asa function
of the ratio � . We consider problems with 100, 200 and 300 variables for Reg 3-SAT and 300 variables
for 3-SAT (triangle data points). The plot is in log scale. (b) Phasetransition in Reg3-SAT. Probabilit y
that a Reg 3-Sat problem has at least one satisfying assignment as a function of the ratio.

small � value typically have oneor more satisfying assignments, whereasproblemswith a large
� value have too many constraints and becomeunsatis�able.

Experimental results showing the phasetransition phenomenonmotivated theoretical inter-
est in understanding uniform k-SAT. The main open question for uniform k-SAT concernsthe
existenceof a sharp threshold as the ratio of clausesto variables increases.More precisely, the
question is whether there exists constants � k such that a random formula with � < � k is satis-
�able w.h.p., whereasa random formula with � > � k is unsatis�able w.h.p. For k = 2, Chvatal
and Reed[VB92], Goerdt [Goe96] and Fernandezde la Vega[dlV92] independently proved the
existenceof the sharp threshold at � 2 = 1. For k � 3, much less is known. Friedgut [Fri99]
proved the existenceof a sharp threshold around a critical sequenceof values. In particular,
he showed that there exists a function � k (n) such that when the number of clausesis around
� k (n)n the satis�abilit y of the formula drops abruptly from near 1 to near 0. However, these
results do not provide information about the value of � k (n) and its dependenceon n.

For uniform 3-SAT there has beena number of results on bounds for the threshold � 3 (see
[Ach01] for a survey); the best known result for the lower bound provesthat a random uniform
instance for 3-SAT is satis�able w.h.p. if � < 3:52 [KKL03 , HS04] . The best known result
for upper bounds states that for � > 4:506, random uniform 3-SAT formulas are unsatis�able
w.h.p. [DBM00] (for a survey of upper boundssee[Dub01]). For generalk-SAT, the best known
bounds are in [AP04, AM02] for lower bounds and in [DB97] and with a slightly lessprecise
method in [KKKS98] for upper bounds.

In this paper we give experimental and theoretical results for a di�eren t model for random
satis�abilit y, which we call regular k-SAT (Reg k-SAT). In this model, each literal has nearly
the samenumber of occurrencesin the formula. More speci�cally , given � , the expected ratio
of clausesto variables, and n, the number of variables, let r = k �

2 be the expected number
of occurrencesof each literal in the formula. We will generateinstancessuch that each literal
appearsbrc or brc + 1 times in the formula.

In �gure 1(a), we �rst consider the computational properties of the Reg k-SAT model. We
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plot the complexity of experimentally solving uniform 3-SAT and Reg 3-SAT as a function of
the ratio � , using the kcnfs solver [DD01]. The hardest problemswith 300variablesfor uniform
3-SAT require less than 4000 branches (median cost) while for the samenumber of variables
Reg 3-SAT requiresaround 5e+ 05 branches| more than two orders of magnitude di�erence.
The samehardnessis observed with an other completeSAT solver satz [Li] and with incomplete
solver WalkSAT. Bayardo and Schrag [BS96] reported comparable results on a model similar
to the one we present here. (In the Bayardo and Schrag [BS96] model each literals has at
least br c but in generalcould have more than brc + 1 occurrences.)Reg 3-SAT also exhibits a
phasetransition similar to that of uniform 3-SAT. However, the transition is at a quite di�eren t
ratio: around � = 3:5, Reg 3-SAT instanceschangefrom satis�able to unsatis�able (see�gure
1(b)). As onemight expect, the �gures show that the complexity peak and the phasetransition
coincide.

Achlioptas et al. [AGKS00] intro duced a generatorof satis�abilit y formulas basedon Latin
squares that creates only satis�able instances. More recently , that model was modi�ed to
obtain a more \balanced" version [KRA + 01], thereby signi�can tly increasing the di�cult y of
the instances. As in the comparison of uniform 3-SAT versusReg 3-SAT, in these generators
the e�ect of balancing dramatically increasesthe hardnessof the problem. Another example
of this phenomenonappears in coloring random graphs. When considering the Erd}os-R�enyi
model G(n; p = r

n ) versusthe regular graphs G(n; r ) with the sameaveragedegreer , regular
graphs are much harder to color than graphs in G(n; p).

It is interesting to consider for a moment why solvers have so much more trouble with
regular or balanced problem instances. The key issue appears to be that in the standard
uniform random formula and graph models, solvers can exploit variations between variable
occurrences(or node degrees). In particular, most solvers will �rst focus on variables that
occur relatively frequently or nodeswith relatively high degree. In the uniform k-SAT model,
literal occurrencesrange from 0 to log(n), in n variable instances. This is a rather signi�can t
range and heuristics for variable selection exploit these di�erences quite successfully. In the
Reg k-SAT model, on the other hand, each literal occurs either r times or r + 1 times for some
small constant r (independent of n). So,onecannot exploit obvious di�erences in the frequency
of literal occurrences. Setting variables and simplifying the formula, may disturb the precise
balanceof literal occurrences.However, sincethe maximum literal occurrenceis only r + 1, the
formulas remain nearly balancedwith the maximum rangeof literal occurrencesbetween0 and
r + 1. Becauseof the lack of variation betweenliteral occurrences,thesebalancedmodelsrequire
the development of solvers with new branching heuristics to tackle them more e�ectiv ely. We
hope that our work will stimulate the development of such new solvers.

Aside from the complexity di�erences, the fact that the thresholds for the regular and
the uniform k-SAT model occur at signi�can tly di�eren t locations also suggeststhat there
are interesting di�erences between the two models. In terms of the bounds on the threshold
phenomenain the regular SAT model, we will seehow one can exploit the properties of the
limited degreevariation to obtain bounds that are tighter than the bounds obtained for the
uniform random formula model. A deeper understanding as to why thesebounds in the regular
SAT model are better may also lead us to new insights into the analysis of the uniform SAT
model.

An interesting direction for future research is to considerwhat happenswhen onepushesthe
uniform random k-SAT model in the other direction: instead of making them more balanced,
make the literal occurrenceseven less balanced. In particular, one could consider power-law
distributions in terms of literal occurrences.This would be analogousto the work on random
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graphs, where one has found that power-law distributed node degreesare most prevalent in
real-world networks (e.g., the World Wide Web). Real world SAT instances,such as derived
from bounded model-checking, also exhibit large variations in literal occurrences. So, a ran-
dom formula model with power-law literal occurrencedistribution would provide an interesting
complement to our results for regular SAT.

We begin the next section with a precise de�nition of our model. We use the results of
Cooper et al. [CFS02] to derive the sharp threshold for Reg 2-SAT. The threshold for regular
2-SAT is at the same ratio of � = 1 as for the uniform random 2-SAT model. So, only for
k > 2, do the properties of the models diverge in an interesting way. In Section 3, we use the
�rst moment method combined with a subtle argument basedon literal occurrencesto prove
that for � > 3:78 a Reg 3-SAT formula is unsatis�able w.h.p. In Section4, we analyzea greedy
algorithm on Reg 3-SAT formulas to prove that for � < 2:46 the algorithm �nds a satisfying
assignment with positive probabilit y.

2 The mo del

A k-SAT formula is a �nite set of clauses,each clausebeing a disjunction of k literals over the
set of boolean variables.

We are interested in generating random k-SAT formulas where each literal appears in ap-
proximately the samenumber of clauses. For the casek = 2, this problem is very similar to
the problem of generating a regular random graph. A generalization of the usual procedureto
generaterandom regular graphs is used here to generaterandom regular k-SAT formula. For
simplicit y, supposewe want to generatea random 3-SAT formula in which each literal appears
exactly 4 times. We take a box in which we place 4 copiesof each literal. If n is the number
of variables, we have 4 � 2n literals in the box. To form a clause,we take 3 literals from the
box without replacement. We continue until we have m = 8n=3 clauses.The problem with this
procedure is that we may obtain \illegal" clauses,that is, clausesin which a variable appears
more than once. If that happens,we start the processagain. In practice, instead of restarting,
we can also just erasethe illegal clauses.

With the algorithm described above one can obtain formulas in which all literals appear
exactly r times, for nonnegative integers r. Therefore, we get just some values of the ratio
� = 2r=3. We generalizethis procedure to obtain formulas with averageratio � for every real
� . In essence,to obtain a balancedSAT formula with a ratio � that lies in between2r=3 and
2(r + 1)=3, for somevalue of r, we will createa random balancedformula where each literal has
either r occurrencesor r + 1 occurrences.The ratio of the number of literals with r occurrences
to the number with r + 1 occurrenceswill be chosencarefully to obtain the desired value of
� . Our model is inspired by the way random graphs with prescribed literal degreeshave been
de�ned.

We �rst intro ducethe notion of the literal degreesequenceof a formula. Let n be the number
of variables, m = b�n c, � > 0, the number of clausesin a k-CNF formula F . We say that a
literal x has degreel if x appears l times in the formula. Let r = k�= 2 be the averageliteral
degree. The degreesequenceassociated with a formula F is the sequencef d1; d� 1 : : : dn ; d� n g
where dx is the number of clausesin which the literal x occurs. So, the degreesequencesimply
tells us how often each literal occurs in the formula.

The actual formula generationprocesswill consistof two steps. First, we randomly generate
a desireddegreesequencefor our formula. Then, to obtain our balancedformula, we randomly
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generatea set of clausesthat satis�es this degreesequence.
Let f pl gl � 0 with

P
l � 0 pl = 1 be a sequenceof non negative real numbers, where pl is the

probabilit y of a literal having degreel . In our regular SAT model, this sequenceof proba-
bilities is very simple: pbr c = p and pbr c+1 = 1 � p, where p is de�ned so that the expected
number of clausesis m = �n , i.e., p = brc + 1 � r , and all the other values for pl are zero.
Given theseprobabilities for each degree,we can generatea sequenceof actual literals degrees
f d1; d� 1 : : : dn ; d� n g drawn independently from that distribution and conditioned on the event
that the sum of all degreesis a multiple of k. Note that in our regular SAT model, each literal
will either have degreebrc or brc + 1 in this degreesequence.

After having obtained a literal degreesequencefor our random formula, we generate a
random formula with this degreesequence.To do so, we generalizethe example discussedat
the beginning of this section. Let Wd be the set of literals associated with a degreesequence
d where literal l appears dl times, i.e., D = jWd j =

P
l dl . A con�gur ation F is a partition of

Wd into D=k groups of k literals. For each con�guration we obtain a formula with the desired
degreesequenceby assigning literals in one group to literals in a clause. The problem with
that mapping is that someof theseclausesmay not be \legal". A legal clauseis one in which
there are no repeated or complementary literals. Call a con�gur ation formula a formula that
is not necessarilylegal as opposedto a simple formula, one with legal clauses. In the context
of regular graphs, this procedureis known as the con�gur ation model [JLR00].

For the analysis of section 4, we need a slightly more general con�guration model. For
simplicit y consider the casein which we have a 3-SAT formula. After we set somevariables,
and remove unit clausesby unit propagation, the formula will consist of a mixture of 2 and
3-clausesand a certain degreesequence.Let Wd be the set of literals associated with a degree
sequenced. To obtain a con�guration formula with degreesequenced, C2 2-clauses,and C3

3-clausessuch that D = jWd j =
P

l dl = 2C2 + 3C3, we partition Wd randomly in C2 groups of
2 and C3 groups of 3 literals and associate each group with a clause.

Next lemmaswill help us to extend properties of the con�guration formulas to properties of
simple formulas. Let Pr (SI M PLE ) be the probabilit y that a con�guration formula is simple.

Lemma 1. Let m2 = an; m3 = bn, a � 0; b � 0; a+ b > 0, and let d = f d1; d� 1 : : : dn ; d� n g, a
bounded degree sequence di + d� i < � , for someconstant � . Let F be a con�gur ation formula
with n variables, m i i -clausesi = 1; 2, and degree sequence d (where

P
i di + d� i = 2an + 3bn),

then there exists a constant � > 0 such that,

Pr (F is SIMPLE ) ! � > 0 as n ! 1

Applying previous result for a = 0 we get the following corollary.

Corollary 1. If F is a 3-Reg formula there exist � > 0 such that

Pr (F is SIMPLE ) ! � > 0 as n ! 1

Lemma 2. Let F as in the hypothesis of lemma 1, let y a �xed variable, the probability that
we havea clausewith 2 occurrences of the variable y bounded by C=n.

The proofs of these lemmasare in the appendix.
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2.1 Reg 2-SAT

Let d = f d1; d� 1 : : : dn ; d� n g, a degreesequencecorresponding to a 2-SAT formula. In the
following theorem, we limit the maximum degreein the degreesequence.To do so, we say that
d is �-prop er, if di < � for i 2 f 1; � 1; : : : ; n; � ng, where � is a constant depending on n.

The location of the threshold for the Reg 2-SAT model can be derived using the following
theorem.

Theorem 1. [CFS02] Let 0 < � < 1 and n ! 1 . Let d be any � -proper degree sequence over n
variables, with � = n1=11, and let F be a uniform random simple formula with degree sequence
d, then

If D < (1 � � )m then P(F is satis�able) ! 1

If D > (1 + � )m then P(F is satis�able) ! 0

where m is the number of clausesand D =
P n

i =1 di d� i

Corollary 2. The Reg 2-SAT formulas havea thresholdat � = 1.

Proof. We prove that w.h.p. degreesequencesgeneratedwith our Reg 2-SAT model have the
property that D

m ! � . Using theorem1 we canconcludethat � = 1 is the valueof the threshold.
Let D =

P n
i =1 di d� i a random variable. Note that the expected value E(D) of D is � 2n

and E(m) = �n . Note that 2m =
P n

i =1 di + d� i ; the variables di , i 2 f 1; � 1; : : : ; n; � ng are
independent identically distributed random variables. The variance of the variables D and m
are easyto compute, and there exist constants c;c0 such that Var(D ) = cn and V ar(m) = c0n.

Using Chebyshev's inequality, we get that P(jD � � 2nj � n1=2+ � ) ! 0 as n goesto in�nit y
for any � > 0. A similar property follows for the variable m, P(jm � �n j � n1=2+ � ) ! 0 as n
goesto in�nit y . Therefore the property follows and then the claim.

3 Upp er bound on the threshold

In order to estimate the probabilit y that a random formula is satis�able, we bound that prob-
abilit y by the expected number of solutions, i.e.,

Pr (F is sat) � E(# solutions F ) = 2n Pr (x is a solution) (1)

The last equality follows from the fact that the occurrencesof each literal has the same
distribution. All assignments x 2 f 0; 1gn have the sameprobabilit y of being a solution. The
useof the �rst inequality in (1) is known as the �rst moment method.

For a clausesto variables ratio � , let q = b3�n= 2c� b3�= 2cn. In a con�guration formula, a
subsetof q among n variables chosenuniformly at random will have b3�= 2c+ 1 positive copies
and b3�= 2c + 1 negative copies. The remaining n � q variables will have b3�= 2c copies for
each sign. (If 3�n is odd then a literal chosenrandomly will have a positive or negative copy
more than the copiesof opposite sign but this has a negligible e�ect on the calculation of the
expectation). For the following we de�ne � = q=n.

Thanks to lemma 1, it is su�cien t to compute a bound on con�guration formulas only. Let
Pr (SI M PLE ) be the probabilit y that a con�guration formula is simple.
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Let Pr (SAT ) be the probabilit y that a con�guration formula is satis�able and Pr 0 (SAT )
the probabilit y that a simple formula is satis�able. We have :

1 �
1 � Pr (SAT )

Pr (SI M PLE )
� Pr 0 (SAT ) �

Pr (SAT )
Pr (SI M PLE )

Thanks to Lemma 1 and the preceding inequalities, the threshold for simple formulas has the
samelocation as the threshold for con�guration formulas if it exists.

We considera truth assignment T and compute the number of Reg-3-SAT formulas satis�ed
by T. A clauseis said to be of type i if it contains i true literals with respect to T . Denote by
� i the fraction of clausesof type i in a formula.

In the uniform 3-SAT model, formulas are typically satis�ed by some�xed truth assignment
in such a way that the proportion of each clausetype concentrates around its mean, namely,
� 1 = 3=7, � 2 = 3=7 and � 3 = 1=7. This follows from the following observation. A random
uniform 3-SAT formula F is obtained by taking uniformly at random m = �n clausesout of
the 8

� n
3

�
possibleclauses.A formula that satis�ed a certain assignment T is formed by taking

m = �n clausesfrom the 7
� n

3

�
possibleclausesthat satisfy T . From these7

� n
3

�
clauses3

� n
3

�
are

of type 1, 3
� n

3

�
are of type 2 and

� n
3

�
are of type 3.

Thus, the number of true literals is � 1�n + 2� 2�n + 3� 3�n = 12
7 �n and the number of false

literals is 2� 1�n + � 2�n = 9
7 �n . So in the uniform model the typical formulas are satis�ed by

truth assignments that skew true and false literals in favor of true ones. Clearly, the random
regular formulas are not among thesetypical formulas becausewhatever truth assignment one
considers,the number of true and false literals is equal to 3�n= 2 (simply becauseeach variable
and its negation occur equally often in the formula). Thus, by restricting the � i to take only
values that satisfy the balancebetweensigns,one can expect to get a better bound than 5:19.
Indeed, we establish:

Theorem 2. Let � = 9� 3
p

5
4 and � � = log (2)

3log (2)+ � log ( �
3 )+( 3

2 � 2� ) log ( 1
2 � 2

3 � )+( � � 1
2 ) log ( � � 1

2 )
' 3:7822

If � > � � then w.h.p. every formula is unsatis�able.

Proof. In the following, a con�guration formula is viewed as 3�n ordered cells such that cells
numbered 1,2, and 3 form the �rst clause,4, 5 and 6 the secondclauseand so on... A formula
is then built by assigninga literal to each cell. Then the total number of formulas is:

�
n

�n

�
(3�n )!

(b3�= 2c + 1)!2�n b3�= 2c!2(1 � � )n

Now, we count the number of Reg-3-SAT formulas satis�ed by T. There are

(�n )!
(� 1�n )!( � 2�n )!( � 3�n )!

3� 1 �n 3� 2 �n

ways to chooseclausesof each type and to choosethe cells for the i true literals in clausesof
type i with the � i subject to the following constraints :

� 1 + � 2 + � 3 = 1 (2)

and
� 1 + 2� 2 + 3� 3 = 3=2 (3)
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At this point, the cells that will be �lled with true and false literals are �xed. It remains to
�ll them with literals. There are :

�
n

�n

�  
b3�n= 2c!

(b3�= 2c + 1)!�n b3�= 2c!(1 � � )n

! 2

ways to �ll correctly thesecells with literals.
To sum up the probabilit y that T satis�es a random Reg-3-SAT formula is :

Pr (T satis�es F ) =

 
b3�n= 2c!

(b3�= 2c + 1)!�n b3�= 2c!(1 � � )n

! 2
(b3�= 2c + 1)!2�n b3�= 2c!2(1 � � )n

(3�n )!

X

( � 1 ;� 2 ;� 3 )2 A

3� 1 �n 3� 2 �n (�n )!
(� 1�n )!( � 2�n )!( � 3�n )!

where

A = f (� 1; � 2; � 3)= for someintegers � 1; � 2; � 3

� 1 =
� 1

n
; � 2 =

� 2

n
and � 3 =

� 3

n
subject to constraints (2) and (3)g

After simpli�cation :

Pr (T satis�es F ) =
(b3�n= 2c!)2

(3�n )!

X

( � 1 ;� 2 ;� 3 )2 A

3� 1 �n 3� 2 �n (�n )!
(� 1�n )!( � 2�n )!( � 3�n )!

We use the fact that jAj = O(n3) (i.e. the number of terms of the sum is bounded by a
polynome) and the following inequality :

� p
e

� p p
2� p � p! �

� p
e

� p p
2� p

�
1 +

1
12p � 1

�

we get the exponential order of expectation of the number of solutions :

E(# solutions of F ) = 2n Pr (T satis�es F )

� max ( � 1 ;� 2 ;� 3 )2 A

 

2� 3� 2
�

3
� 1

� � 1 � �
3
� 2

� � 2 � �
1
� 3

� � 3 �
! n

Let f � (� 1; � 2; � 3) = 2� 3� 2
�

3
� 1

� � 1 � �
3
� 2

� � 2 � �
1
� 3

� � 3 �
. The problem amounts to maximize

f � (� 1; � 2; � 3) subject to constraints2 (2) and (3). (The calculation for generalReg-k-SAT gives

2By ignoring the constrain t of balancing between signs � 1 + 2� 2 + 3� 3 = 3=2, the maxim um is at � 1 = 3=7,
� 2 = 3=7, � 3 = 1=7 and the bound is 5:19 as for the uniform 3-SAT model. Surprisingly , the fact that all
variables have almost the same number of occurrences disappears in the expectation. There remains only the
constrain t that each variable have the same number of positiv e and negative occurrences.
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an analogousfunction f � (� 1; � 2; :::; � k ) = 2� k � 2
Q

i =1 ::k

�
(k

i )
� i

� � i �

, the maximization is subject

to analogousconstraints and can be solved using standard Lagrangemaximization method.)
From (2) and (3), we have � 2 = 3=2 � 2� 1 and � 3 = � 1 � 1=2. f � can then be expressedin

terms of � 1 alone. By applying log, we have to maximize the following function of � 1 :

g� (� 1) = (1 � 3� )log(2) + � (3=2 � � 1)log(3) � �� 1 log(� 1)

� � (3=2 � 2� 1)log(3=2 � 2� 1) � � (� 1 � 1=2)log(� 1 � 1=2)

which attains its maximum at � �
1 = 9� 3

p
5

4 .
The upper bound is obtained by solving w.r.t. � the equation g� (� �

1 ) = 0.

4 Lower bound on the threshold

In this section, we analyze a greedy algorithm and prove that it �nds a satisfying assignment
with positive probabilit y for formulas with � < 2:46. This result by itself doesnot give a lower
bound on the threshold. To prove a lower bound we need that property to hold w.h.p. In
previous work on lower bound for uniform 3-SAT, this problem was solved by using the result
in [Fri99] that implies that if such property holds with positive probabilit y it also holds w.h.p.
That result is not known for our model.

We �rst prove that con�guration formulas with � < 2:46 are satis�able with positive prob-
abilit y. At the end of the section we discusshow to modify the proof to get the sameresult for
simple formulas.

We analyze an algorithm that assingsone variable at a time. To achieve our claim, it is
enoughto prove that with positive probabilit y the algorithm doesnot generateempty clauses.
Keeping track of the number of 2-clausesat each step of the algorithm and checking that for
� < 2:46 the density of 2-clausesis bounded below 1 is su�cien t to obtain the results.

The method of di�eren tial equations proposed in [Wor95] is used in this analysis to keep
track of the number of 2-clausesat each time. In particular, our analysis follows closely the
one done by Kaporis et al [KKL02 ] for random uniform 3-SAT formulas. This is a well known
approach that has beenusedin most of the lower bounds for the threshold of random uniform
3-SAT (e.g. see[Ach01, KKL02 , KKL03 , HS04]).

For a �xed ratio � and the corresponding r = 3�= 2, let h be the smallest integer greater
than r . Let X j for j = 0; : : : ; h be the current collection of literals of degreej . We consideran
algorithm that at each time sets a literal with the higher occurrencein the formula and sets
unit clausesanytime they appear. Let's call a round to the �rst while loop of the following
algorithm. In a round we assigna random literal and unit clausesthat may appear.

9



Greedy algorithm
begin
let j=h
while unset literals exists

while X j 6= ;
set an arbitrary literal from X j to TRUE
and its negation to FALSEand Del&Shrink
while unit clauses exits

set an arbitrary unit clause to True
its negation to FALSEand Del&Shrink

end
end
j = j � 1

end
end

Note that in the processof choosing the literal to be assignto true at the beginning of each
round the greedy algorithm does not usesany information about the negation of that literal.
Therefore the negated literal is random, in particular it's degreehas the samedistribution as
any other literal in the formula.

As we already mention, the analysis of the algorithm relies on the method of di�eren tial
equationsdescribed in [Wor95]. The idea is asfollows: supposeY t = (Y t

1 ; : : : ; Y t
s ) are stochastic

parameters related to a formula. In our case, these parameters are the number of variables
(literals), the number of 2-clausesand 3-clauses,and the number of literals of degreei , 0 � i � h,
in the formula at time t. We want to estimate the tra jectory of Y t through the duration of our
algorithm. In a restricted version, the theorem states that if
(a) Pr (jY t +1 � Y t j > n1=5) = o(n� 3)
(b) E(Y t +1 � Y t j Y t ) = f (t=n; Y t =n) + o(1)
(c) the function f is continuous and satis�es a Lipschitz condition on someset D ,
then

Y t = ny(t=n) + o(n) (4)

where y(x) is the solution of the system of di�eren tial equations

dy
dt

= f (x; y) y(0) =
Y 0

n
(5)

The precisestatement of the theorem is given in the appendix.
In order to makeuseof the previous theoremto analyzean algorithm oneneedsto choosethe

algorithm, the set of parametersY t , and the random model, to satisfy the following property:
after each round the resulting formula is random, given the values of the parameters in Y t .
Precisely, let Y t = (L (t); C3(t); C2(t); X 1(t); : : : ; X h (t)), where L (t) is the number of unset
literals at time t, C3(t) and C2(t) is respectively the number of 3-clausesand 2-clauses,and X i

is the number of literal with degreei , 0 � i � h, i.e., we needthe following lemma.

Lemma 3. [KKL02 ] During the evolution of the algorithm, the formula remains random con-
ditional on the current value of the parameters Y t .

Using lemma 3 we are able to compute the expressionin (b). In the appendix we give the
expressionfor the function f in our case. Equation (4) allows us to use the solution of the
di�eren tial equations(5) to trace our parameter Y t . In particular we usethe valuesof C2(t) to
prove that with positive probabilit y the algorithm doesnot generateempty clauses.

10



If the density of 2-clauses2C2 ( t )
L ( t ) is bounded below 1 that property holds. A proof for that

result can be found in [KKL02 ]. The argument goes as follows. The number of unit clauses
generated in one of the while loops in the algorithm can be approximated by a branching
process.Supposewe start by satisfying a unit clause. That assignment can produce somenew
unit clausesthat can be seenasthe o�spring of the �rst unit clause. The processcontinuesuntil
all unit clausesare satis�ed. The expected number of unit clausesproducedby oneassignment
has mean 2C2 ( t )

L ( t ) . If � = 2C2 ( t )
L ( t ) < � < 1 for some constant � and for all t, the processis

subcritical, and its expected size is 1=(1 � � ). The probabilit y of the appearanceof a literal b
and its complement �b in a single round can be proved to be lessthan C=n for someconstant
C > 0 independent of t and therefore the probabilit y of not having an empty clauseis bounded
by (1 � O(1=n))n that is greater than e� C 0

for someconstant C0.
Equation (4) holds for valuesof t such that the scalednumber of literals l (t) = L (t)=n > �

for any �xed � > 0. Using the previous argument we are able to prove that for t < t � our
main claim holds with positive probabilit y. To �nish the proof we use theorem 1 from section
2 to prove that the remaining formula is satis�able w.h.p. We chooset � such that the degree
sequenceat time t � satis�es the conditions of theorem 1. Note that if we deleteone literal from
the every 3-clausewe get a 2-SAT formula satis�able w.h.p. and so the original formula is also
satis�able.

We solve the di�eren tial equations (see appendix B.1), associated with the equation (5),
numerically using the ode45 function of matlab. The results are in agreement with simulation
of the algorithm on randomly generatedformulas. We �nd that for � = 2:46, 2c2 (x )

l (x ) is bounded
below 1 for x < x � . We can concludethe following result.

Theorem 3. Let F be a con�gur ation formula with ratio � < 2:46. The greedy algorithm �nds
a satisfying assignmentfor F with positive probability.

To extend theorem 3 for simple formulas we just have to intro duce someminor changesin
the proof. At each step we exposethe information about the variable we want to assign,oneof
the information we exposeis whether two literals form the samevariable are in a single clause.
Let call such event a bad event. Let also call a bad event the appearanceof an empty clause.
We are going to prove that the probabilit y of a bad event in a round is bounded by C=n for
someconstant C > 0 independent of the round t.

Claim: At each round the probabilit y of having a bad event lessthat C=n, for someC > 0.
If T is the number of steps in a round , at each round we exposethe information about T

variables. By lemma 2 the probabilit y that at exposing one variable we get a cycle is bounded
by C0=n, whereC0 is independent on the round. The probabilit y that weget a cycle in the round
condition on T is bounded by TC=n, so the unconditional probabilit y is less than E(T)C=n
(E(T) can also be bounded independently of the round). This fact, together with the fact that
the probabilit y of getting an empty clause is bounded by C

00
=n independently of the round

completesthe claim.
To �nish we have to argue that the �nal subformula is with positive probabilit y simple

and satis�able. From previous discussionwe know is satis�able. It is simple with positive
probabilit y by lemma 1. We concludethe following result.

Theorem 4. Let F be a Reg 3-SAT formula with ratio � < 2:46. The greedy algorithm �nds a
satisfying assignmentfor F with positive probability.

11



5 Conclusions

Weproposeda newmodel for random k-SAT, in which every literal appearsin approximately the
samenumber of clauses.Experimental results show that the new model leadsto formulas that
aresubstantially moredi�cult to solvethan the well known uniform k-SAT model. Experiments
also show that the model exhibits a phase transition as a function of � , the ratio of clauses
to variables. The hardest instances are concentrated around the value � = 3:5, where the
probabilit y that a formula is satis�able falls from 1 to 0. We provide the �rst rigorous bounds
for this model. In particular, we obtain an upper bound of 3.78 for the location of the phase
transition. This bound wasobtained by exploiting the special balancednature of the formulas.
Our analysis of a greedy algorithm shows that we can �nd satisfying assignments for formulas
with � < 2:46 with positive probabilit y.

The underlying theme of this research is to develop interesting alternativ es to the uniform
random k-SAT model. In this paper, we have changed the almost Poissondegreedistribution
of the uniform random k-SAT to an almost constant degreedistribution of the regular random
k-SAT model. As we discussedin the intro duction, given the limited variancein degrees,solvers
have much more di�cult y identifying good variables to branch on. It will require new ideas
for branching heuristics or di�eren t techniquesall together to make progresson theseformulas.
(We did somepreliminary experiments with WalkSAT and survey propagation. Again, these
formulas appear much harder than uniform random k-SAT instances.) Eventually , we hope to
develop other analyzable models that that are closer to real world instances. One interesting
possibility in this regard is to consider random formulas with power law distributed literal
degreedistributions.

There are also still other results to pursue for regular SAT. To get a proper lower bound
using our result for the greedy algorithm, one has to extend the proof of Friedgut [Fri99] of
the existenceof a sharp threshold around somecritical sequenceof values. Another interesting
problem is to extend the results of Chvatal and Szemeredi[CS88]. Chvatal and Szemeredi
proved that for the uniform k-SAT model for k � 3, unsatis�able formulas needan exponential
refutation proof. Their proof extends to our model. But, more interestingly, by exploiting the
additional balanced structure in our model as we did for the upper bound result, we may be
able to obtain sharper results.
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A Pro of of Lemma 1 and Lemma 2

In this sectionwe prove that the probabilit y that a con�guration formula F , with parameter as
in lemma 1, is simple goesto a constant as the number of variables goesto in�nit y.

Denote D i = di + d� i , the number of occurrencesof the variable i in the formula F . Let
� =

P n
i =1 D i (D i � 1)=n. Note that if x l is the fraction of variables with degree(number of

occurrences)l then � =
P �

l =2 l (l � 1)x l . To be able to take the limit we are assumingwhen n
goesto in�nit y the densitiesx l 0 � l � � are �xed. We prove the following result.

Pr (F is SIMPLE ) ! e� � > 0 as n ! 1 (6)

where � = 2� a+ b
(2a+3 b)2 (1 + 3

2a+3 b).
Let call a cycle to a non legal clausein F . Let Z be the number cyclesin F . A con�guration

formula F is simple if and only if Z = 0.
Our proof follows a standard procedure(see[JLR00] chapter 9, [Bol01] chapter 2). We are

going to provethat the distribution of Z convergesto a Poissondistribution with mean�. Then
equation (6) follows, becausethe right hand site is just the probabilit y of the event Z = 0.

To prove that Z convergesin distribution to a Poissonwe usethe method of moments (see
theorem 6.10 in [JLR00]). Let (Z )k be the number of ordered k disjoint cycles in F . We are
going to prove that for every k � 1

E(Z )k ! � k as n ! 1

to concludethat the distribution of Z approachesthe distribution of a Poissonrandom variable
with mean �.

Let � (m2; m3) be the number of con�gurations with m2 2-clausesand m3 3-clauses.Note
that � (m2; m3) = (2m 2 +3 m 3 )!

2m 2 6m 3 (m 2 + m 3 )! . The probabilit y q1;0 that a particular 2-clauseis present in

a con�guration is q1;0 = � (m 2 � 1;m 3 )
� (m 2 ;m 3 ) . Moreover, the probabilit y qk ;j that any disjoint k 2-clause
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and j 3-clausesare present in a con�guration is qk ;j = � (m 2 � k ;m 3 � j )
� (m 2 ;m 3 ) . For �xed, k and j one

can check that 3

qk ;j �
2k 6j

nk+2 j (2a + 3b)2k+3 j (a + b)k+ j

To compute E(Z ), note that we can divide cycles into two groups: the onescoming from
clauseswith two di�eren t variables(for examplex _ �x _ y, x _ x _ y, x _ x ), or the onesinvolving
one variables (x _ �x _ x ). We prove that the last oneshave a very small probabilit y and they
do not contribute to our calculation. Let Z = Y 0 + Y 00, where Y 0 are the number of cycles in
the �rst group and Y 00the onesin the second.

Now we have to count how many clausesform cycles. Consider the �rst case.Here we have
the 2-clausecyclesand 3-clausecycles. The number of cyclescoming from 2-clausesis

a1;0 =
nX

i =1

D i (D i � 1) = �n

The one coming from 3-clausesare

a0;1 =
nX

i =1

D i (D i � 1)(n � D i ) � �n 2

Therefore E(Y 0) = a1;0q1;0 + a0;1q0;1 � �. Note now that if we count how many edgesgive
us cyclesof the secondtype, there are just

P n
i =1 D i (D i � 1)(D i � 2) < � 3n, as q0;1n goesto 0

then E(Y 00) ! 0 as n ! 1 .
Next, we compute E((Z )s). Recall the (Z )s is the number of ordered s disjoint cycles. This

time divide (Z )s into two sets: cyclesin Y 0 not only are cycleson the �rst kind described before
but also each cycle corresponds to di�eren t variable, cycles in Y 00 have either a cycle of the
secondtype or two or more cyclescorrespond to the samevariable. Similar to what we have
done before one can prove that E(Y 00) ! 0 as n ! 1 .

We can write
E(Y 0) =

X

k+ j = s

qk ;j ak ;j

where ak ;j is the number of s disjoint cycleswith k 2-clausecyclesand j 3-clausecycles.
Note that ak ;j has the following expression(if we approximate as before n � D i by n)

ak ;j =
�

k + j
j

�
nj

X

i 1 ;i 2 ;::: ;i k + j

D i 1 (D i 1 � 1) � � � D i k + j (D i k + j � 1) (7)

where the sum over f i 1; i 2; : : : ; i k+ j g is over the set of disjoint indexes.
Claim: ak ;j �

� k+ j
j

�
n2j + k .

Note that the di�erence between the above expressionand 7 are the term in which the same
index is repeated but those terms are going to 0 when we divide by nk+ j .

Now note that

qk ;j ak ;j � (
2� (a + b)
(2a + 3b)2 )k+ j (

3
2a + 3b

) j
�

k + j
j

�

3We say that a(n) � b(n) when n ! 1 if lim n !1
a( n )
b( n ) = 1.
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So we get E(Y 0) � � k . This completesthe proof.

Pro of of Lemma 2
The proof usessomeof the ideasexplained before. Let D be the number of occurrencesof

variable y in F and Z be the number of clauseswith 2 occurrencesof the variable y. As is the
previous proof,

E(Z ) = D(D � 1)q1;0 + D(D � 1)(n � D )q0;1 �
D 2

n
2(a + b)

(2a + 3b)2 [1 +
3

2a + 3b
]:

P(Z > 1) � E (Z ) � C=n the lemma follows, where C is given in the expressionabove.

Remark: The constant C can be bound uniformly for all the con�guration formulas consider
though the analysis. Note that we set variables until time t� as explained in the prove of the
section 4, the remaining clausesat that time is of order order n so 2a + 3b = c > 0 for some
constant c. Therefore we have that at any state of the algorithm D 2 2(a+ b)

(2a+3 b)2 [1 + 3
2a+3 b ] <

� 2 �
c2 (1 + 3=c).

B Di�eren tial equations

In this section we discussthe main theorem usedin section 4 to analyze the random process.
We consider here a sequenceof random processYt = Yt (n); n = 1; 2; : : : , for simplicit y the

dependenceon n is dropped from the notation. Let F t be the the � -�eld generated by the
processup to time t, i.e., F t = � (Y0; Y1; : : : ; Yt ). Our processYt = (Y (1)

t ; : : : ; Y ( j )
t ) is a vector

of dimension j , let kYk = max (jY (1) j; : : : ; jY ( j ) j). Suppose that Y0 = z0n the value of the
processat time 0.

We say that X = o(f (n)) always if max f x : Pr (X = x) 6= 0g = o(f (n)). The term
uniformly meansthat the convergenceimplicit in the o() is uniform on t.

Theorem 5. [Wor95] Let f : < j +1 ! < j . Suppose there exist a constant C such that the
processYt is bounded by Cn, i.e., kYt k < Cn. Supposealso that for somefunction m = m(n):

(i) for all t < m and all l

Pr (kYt +1 � Yt k > n1=5j F t ) = o(n� 3)

always;
(ii) for all l and uniformly over all t < m,

E(Yt +1 � Yt j F t ) = f (t=n; Yt =n) + o(1)

always;
(iii) The function f is continuous and satis�es a Lipschitz condition on D, where D is some

bounded open set containing (0; z(1)
0 ; : : : ; z( j )

0 ).
then:
(a) The systemof di�er ential equations

dz
ds

= f (s; z)
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has a unique solution in D for z : < ! < j with initial conditions z(0) = z0 and which extends
to points arbitrarily closed to the boundary of D .

(b)
Yt = nz(t=n) + o(n) w.h.p.

uniformly for 0 � t � min f � n; mg, where � is the supremum of those s to which the solution
can be extended.

B.1 Di�eren tial Equations for the lower bound

Let l scalednumber of current unset literals, c3, c2 scalednumber of 3-clausesand 2-clauses
respectively and xs scalednumber of literals of degrees, s = 1; : : : ; 4. The equations for round
j are:

dl
dt

= � 2 � 4
c2

l � 2c2

dc3

dt
= �

3j c3

p
�

3c3

l
+

�
�

3j c3

p
�

3c3

l

� 2c2

l � 2c2

dc2

dt
=

3c3 � 2c2

l
�

2j c2

p
+

� 3c3 � 2c2

l
�

2j c2

p

� 2c2

l � 2c2

dx4

dt
= � (6c3 + 2c2)

4x4

p2 j �
x4

l
� � 4;j

�
�
(6c3 + 2c2)

4x4

p2 j +
x4

l
+

4x4

p

� 2c2

l � 2c2

dxs

dt
= (6c3 + 2c2)

(s + 1)xs+1 � (s)xs

p2 dj �
xs

l
� � s;j

�
(6c3 + 2c2)

(s + 1)xs+1 � (s)xs

p2 dj �
xs

l
�

sxs

p
)

2c2

l � 2c2

for s = 1; 2; 3

with initial conditions l = 2, c3 = c, c2 = 0, x4 = 2p, x3 = 2(1 � p),x2 = 0, x1 = 0.
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